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Abstract. Let A denote the reduced amalgamated free product of a family 
Ai,A2, . . . , An of von Neumann algebras over a von Neumann subalgebra B 
with respect to normal faithful conditional expectations : Aj. — » B. We 
investigate the norm in Lp{A-) of homogeneous polynomials of a given degree d. 
We first generalize Voiculescu's inequality to arbitrary degree d> I and indices 
1 < p < oo. This can be regarded as a free analogue of the classical Rosenthal 
inequality. Our second result is a length-reduction formula from which we 
generalize recent results of Pisier, Ricard and the authors. All constants in 
our estimates are independent of n so that we may consider infinitely many 
free factors. As applications, we study square functions of free martingales. 
More precisely we show that, in contrast with the Khintchine and Rosenthal 
inequalities, the free analogue of the Burkholder-Gundy inequalities does not 
hold on l^oo {A). At the end of the paper we also consider Khintchine type 
inequalities for Shlyakhtenko's generalized circular systems. 



Introduction and main results 

A strong interplay between harmonic analysis, probability theory and Banach 
space geometry can be found in the works of Burkholder, Gundy, Kwapieii, Maurey, 
Pisier, Rosenthal and many others carried out mostly in the 70's. Norm estimates 
for sums of independent random variables as well as martingale inequalities play a 
prominent role. Let us mention, for instance, the classical Khintchine and Rosenthal 
inequalities, Fefferman's duality theorem and the inequalities of Burkholder and 
Burkholder-Gundy for martingales. On the other hand, in the last two decades 
the noncommutative analogues of these aspects have been considerably developed. 
Important tools in this process come from free probability, operator space theory 
and theory of noncommutative martingales. 

In this paper, we continue this line of research by studying Lp-estimates for 
homogeneous polynomials of free random variables. Our results are motivated by 
the classical Rosenthal inequality |2H|- That is, given a family fi, f2, fa, ■ ■ ■ of 
independent, mean-zero random variables over a probability space fl, we have 

n n 2_ ^ i_ 

"^"^"^ fc=i k=i 

for 2 < p < oo and where A ~c B means that c~^A < B < cA. The growth rate 
for the constant Cp as p oo is p/\ogp (see ^2]) and so the Rosenthal inequality 
fails on Loo{^)- In sharp contrast are Voiculescu's inequality and its operator- 
valued analogue ^1] which are valid in L^o ■ Let = Ai * A2 * • • • * A„ denote the 
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reduced free product of a family Ai, A2, . . . , A„ of von Neumann algebras equipped 
with normal faithful {n.f. in short) states (jji, 4)2, ■ ■ ■ , (f'n, respectively. Then, given 
fli G Ai, a2 e A2, . . . , a„ G A„ mean-zero random variables (i.e. freely independent) 
in A and a collection 61,62, ... ,6n G S(7i) of bounded linear operators on some 
Hilbert space Ti., Voiculescu's inequality claims that 



(Voo) 



(g) 6fe 



fc=l 



sup 

l<k<r, 



\ak (8) 6fe 



Afc®f3(W) 



(^^0fc(afeafc)6^6fc 
fc=i 



^(t>kiakal)bkbl 



B(n) 



B(n) 



k=l 

for some universal positive constant c. The equivalence ( |Voo| ) was proved by 
Voiculescu in the tracial scalar-valued case. The general case as stated above (or 
more generally using amalgamated free product) can be found in ^3]. This result 
can be regarded as the operator-valued free analogue of the Rosenthal inequality 
for homogeneous free polynomials of degree 1 and p — 00. Quite surprisingly, the 
Loo-estimates (which do not hold in the classical case) are easier to obtain in the 
free case by virtue of the Fock space representation. In contrast with the classical 
situation, the passage from Loo to Lp in the free setting is much more delicate. 
This is mainly because of the fact that a concrete Fock space representation does 
not seem available for Lp{A). 

Our first contribution in this paper consists in generalizing Voiculescu's in- 
equality to homogeneous free polynomials of arbitrary degree d and to any index 
1 < p < 00. Let us be more precise and fix some notations. Assume that B is 
a common von Neumann subalgebra of Ai, A2, . . . , A„ such that there is a normal 
faithful conditional expectation : A^ — > S for each k. Let A be the reduced 
amalgamated free product *eAfc of Ai, A2, . . . , A„ over B with respect to the E/j. 
E : A ^ B will denote the corresponding conditional expectation and P^(p, d) 
the subspace of Lp{A) of homogeneous free polynomials of degree d. Then, given 
1 < A; < n, we consider the map Qk on P^(p, d) which collects all reduced words 
starting and ending with a letter in A^. Then we have the following result. 



Theorem A. If 2 < p < 00 and ai, 02 

n 

Qfe(ofe) 



, a„ e P^(p, d), we have 



k=i 



cd'' 



(EII2^MK)' 

n 

||(^E(Qfe(afe)*Qfe(afe)) 



k=l 

n 

+ \{^E{Qk{ak)Qk{ak)* 

k=l 

We note that the operator-valued case is also contemplated in Theorem A since 
we are allowing amalgamation, see R.emark ll . ll below for more details. On the other 
hand, we also point out that, since freeness implies noncommutative independence, 
the case of degree 1 polynomials for 2 < p < 00 follows from the noncommutative 
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analogue of Rosenthal's inequality However, the constants obtained in 

this way are not uniformly bounded bls p oo, see Remark 12.131 for a more de- 
tailed discussion. Finally, we should also emphasize that Theorem A can be easily 
generalized to the case 1 < p < 2 by duality, see Remark 13.71 for the details. 

Our second major result is a length-reduction formula for homogeneous free 
polynomials in Lp(A). Again, we need to fix some notations. In what follows, 
A will denote a finite index set and we shall keep the terminology for A, B and 
E : ^ — > S. Then, we use the following notation suggested by quantum mechanics 



Y^h{a){a{a)\ 



qGA 



E K")*E(a(c 

a,peA 



i{f3))b{(3) 



Finally, given 1 < fc < n we consider the map Ck (resp. TZk) on F^{p,d) which 
collects the reduced words starting (resp. ending) with a letter in A^. Thus we 
have 

Qk — CkTi-k ~ Ti-kCk- 

We shall write P^((i) for Vj^ij), d) with p = oo. Our second result is the following. 

Theorem B. Let 2 < p < oo and let Xk{c() G L,p{Ak) with E{xk(a)) — for each 
1 < k < n and a running over a finite set A. Let Wk{a) G P_4((i) for some d > 
and satisfying TZkiwkia)) = for all I < k < n and every a G A. Then, we have 
the equivalence 



k,a 



Wk{a)xk{a) 



Similarly, if Ck{wk{a)) — we have 



k.a. 



k.a 



rf2 E \xkia))wk{a) 



k.a 



k.a 



k.a 



\wk{a))xk{a) 



Xk{a){wk{a)\ 



A large part of this paper will be devoted to the proofs of Theorems A and B. 
One of the key points in both proofs is the main complementation result in |37j (c./. 
Theorem 12.11 below) since it allows us to use interpolation starting from the case 
p = oo, for which both results hold with constants independent of d. Our main 
application of Theorem B is a Khintchine type inequality. In the classical case, 
Khintchine's inequality is a particular case of Rosenthal's inequality with relevant 
constant Cp ^ ^ as p — s- oo. However, as in the Rosenthal/ Voiculescu case, the free 
analogue of Khintchine's inequality holds in Lao- Indeed, the first example of this 
phenomenon was found by Leinert |23j , who replaced the Bernoulli random variables 
by the operators A(gi), A(52), • ■ ■ , A(g„) arising from the generators gi, 32, ■ • ■ , <?n of 
a free group F„ via the left regular representation A. More generally, if Wd denotes 
the subset of reduced words in F„ of length d and C^(F„) stands for the reduced 
C* -algebra on F„, Haagerup |S1 proved that 



(Hp) 



„A(w) 



Ct(F„) 



■'l+d 
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There are two ways to extend these inequahties. The first step consists in 
considering operator-valued coefficients. In the classical case, the operator-valued 
analogue is the so-called noncommutative Khintchine inequality, by Lust-Piquard 
and Pisier |^|2S]. Leinert's result was extended to the operator- valued case by 



Haagerup and Pisier in UH] while Haagerup's inequality I Hp I was generalized by 
Buchholz Pj. Finally, the result in j^i has been recently extended to arbitrary 
indices 1 < p < oo by Pisier and the second- named author in |27j . 

The second step consists in replacing the free generators by arbitrary free random 
variables and C^(F„) by a reduced amalgamated free product von Neumann algebra 
A. In this case we find the recent paper j37J by Ricard and the third-named 
author, where Buchholz's result was extended to arbitrary reduced amalgamated 
free products, see also Buchholz 4 and Nou |2E| for the case of g-gaussians. 

In this paper, we shall apply Theorem B to generalize the main results of |27II37| . 
More precisely, we have the following result. 

Theorem C. Let x be a d-homogeneous free polynomial 

x=^ ^ Xj^ («)••• Xj^ {a) e Lp{A) 

for some 2 < p < oo. Then we have 

\\x\\p ^c''d\^ ^1 + ^2 

where 'Si is given by 
d 

s=Q aeA]i^---^ja 

and T,2 has the form 

d n 

51(51 l^nio^)- ■ ■Xj,^,ia))xj^{a){xj^^^{a)- ■ ■Xj^{a)\ 

s=l j, = l a£Al<ji^---^js-i<n 
l<js + l/---#i£i<" 

Our proof of Theorem C is an inductive application of Theorem B and provides 
a natural explanation of the norms Si and E2. This leads naturally to 3 terms 
if d = 1, 5 terms if d = 2, etc... We refer to Section O below for a more detailed 
explanation of the norms Si and S2. In the case of p = 00, this result was obtained 
in |S7] in a slightly different form but with an equivalence constant depending 
linearly on the degree d, which is essential for the applications there. The inductive 
nature of our arguments leads to worse constants, see Remark 13.81 for details. 

In the last part of the paper, we shall apply our techniques to studying square 
functions of free martingales and Khintchine type inequalities for generalized cir- 
cular systems. More precisely, we first study the free analogue of the Burkholder- 
Gundy inequalities [5j. The noncommutative version of these inequalities was ob- 
tained by Pisier and the third-named author in [^. Thus, since any free martingale 
is a noncommutative martingale, the only interesting case seems to be p = 00. In 
contrast with the free Khintchine and Rosenthal inequalities, we shall prove that the 
free analogue of the Burkholder-Gundy inequalities does not hold in Loo{A). To be 
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more precise, let us consider an infinite family Ai, A2, A3, . . . of von Neumann alge- 
bras equipped with distinguished normal faithful states and the associated reduced 
free product A — *k^k- We consider the natural filtration 



■An — Ai * A2 * ■ ■ ■ * Ar, 



with consitional expectation E„ : ^ — > An 



Any martingale adapted to this filtration is called a free martingale. Now, let /C„ be 
the best constant for which the lower estimate below holds for all free martingales 
xi,X2, - ■ ■ in £00 (.4) 

~> 2n 



max • 



^(^^dxkdxlY , II y ]dxldxk 
I' fc=i °° 

Then we have the following result 



2n 

fc=i 



fc=i 



Theorem D. /C„ satisfies /C„ > clogn for some absolute positive constant c. 

The last section is devoted to Khintchine type inequalities for Shlyakhtenko's 
generalized circular variables [3^1 and Hiai's generalized g-gaussians |Tlj|. In these 
particular cases, the resulting inequalities are much nicer than those of Theorem C. 
The Khintchine inequalities for 1-homogeneous polynomials of generalized gaussians 
were already proved in |47) . see Theorem 15 . II for an explicit formulation. We obtain 
here its natural extension for Hiai's generalized g-gaussians. Namely, let us consider 
a system of g-generalized circular variables gqk = Xk(^q{ek) +/^fc^g(e-fc) (see Section 
l^lfor precise definitions) and let Tq denote the von Neumann algebra generated by 
these variables in the GNS-construction with respect to the vacuum state (l>q{-) = 
(ri, • f2)q. Then, if denotes the density associated to the state (j)q, we have the 
following inequalities for the Lp-variables 

1 1 
aik^P = d'^l 91k . 

Theorem E. Let M he a von Neumann algebra and \ < p < 00. Let us consider 
a finite sequence xi,X2, ■ ■ ■ ,Xn in Lp{N). Then, the following equivalences hold up 
to a constant Cq depending only on q. 

i) If'^<P< 2, then 



^ a;fe (g) gqk,p 



k=l 



inf 

Xk=ak+bk 



~ fc=l 



n 22 

\{T.^ft'~kbkbky 



k=l 



ii) If 1^ P 1^ 00, then 



y^a^fc <^9qk,p^ 

k=l 



\[22^kf^k XkXl 
k=l 



XkXk 



Moreover, if Qqp denotes the closed subspace of Lp(Tq) generated by the system of 
the generalized q- gaussians (gqk,p)k>i, there exists a completely bounded projection 
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7gp : Lp(rq) Qqp satisfying 

WiqpWcb < 



L/l - \n\) 



In our last result we calculate the Khintchinc inequalities for 2-homogeneous 
polynomials of generalized free gaussians gk — Xk£{ek) + (corresponding 
to the case of g = 0). As we shall see, our method is also valid for d-homogeneous 
polynomials and the resulting inequalities can be regarded as asymmetric versions 
of the main inequalities in |27) . Let F denote the von Neumann algebra generated 
by the system of gk^s in the GNS-construction with respect to the vacuum state 
= {n, ■ n). Our result reads as follows. 

Theorem F. Let M be a von Neumann algebra and 1 < p < oo. Let us consider a 
finite double indexed family x = ixij)ij>i in Lp{M) and define the following norms 
associated to x 



Mpix) 



TZpix) 



{fiiXj)p {Xil-ij)p' Xij (g) Ci 



E2_ 



Sp(Lp(A/-)) 



I P X^jXij 



Then, the following equivalences hold up to an absolute positive constant c. 
i) If'^<P< 2, then 



E 



Xzj d) df g^ gj d^" 



inf np{a)+Mp{b)+Cp{c). 

x—a-\-b-\-c 



ii) If 2 < p < OO, then 

" " ' df 



Xzj ® d/ g, gj d/ 



max 



\^np{x) , Mp{x) , Cp{x)y 



Moreover, if Qp^2 denotes the subspace of LpiT) generated by the system 



there exists a projection "fp^2 '■ ^p(r) — + Gp^2 with cb-norm uniformly bounded on p. 

We conclude the Introduction with some general remarks. We shall assume 
some familiarity with Voiculescu's free probability 021 144L and Pisier's vector- 
valued noncommutative integration |31| . In fact, we will be concerned only with 
the vector- valued Schatten classes and their column/row subspaces. On the other 
hand, since we are working over (amalgamated) free product von Neumann alge- 
bras, we shall need to use Haagerup noncommutative Lp-spaces |51 . As is well 
known, Haagerup Lp-spaces have trivial intersection and thereby do not form an 
interpolation scale. However, the complex interpolation method will be a basic tool 
in this paper. This problem is solved by means of Kosaki's definition of Lp-spaces, 
see 123 E2|- We also refer the reader to Chapter 1 in or to the survey [23 for a 
quick review of Haagerup's and Kosaki's definitions of noncommutative Lp-spaces 
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and the compatibility between them. In particular, using such compatibility, we 
shall use in what follows the complex interpolation method without further details. 
At some specific points, we shall also need some basic notions from operator space 
theory [7||32|, Hilbert modules 22 and Tomita's modular theory jl9[ I30j . Along 
the paper, c will denote an absolute positive constant that may change from one 
instance to another. 

Acknowledgment. We thank Ken Dykema, Gilles Pisier, Ana Maria Popa and 
Eric Ricard for discussions related to the content of this paper. The first-named 
author was partially supported by the NSF DMS-0301116. The second-named 
author was partially supported by the Project MTM2004-00678, Spain. 

1. Amalgamated free products 

We begin by recalling the construction of the reduced amalgamated free product 
of a family of von Neumann algebras. Amalgamated free products of C*-algebras, 
which we also outline below, were introduced by Voiculescu HI!. Let Ai, A2, . . . , A„ 
be a family of von Neumann algebras and let S be a common von Neumann subal- 
gebra of all of them. We assume that there are normal faithful conditional expec- 
tations Ek '■ ~^ 'B. In addition, we also assume the existence of a von Neumann 
algebra A containing B with a normal faithful conditional expectation E : A B 
and the existence of >i=-homomorphisms tt^ : A^ — )■ ^ such that 

EoTTfe^Efe and 7rfc|g = irfg. 

The family Ai, A2, . . . , A„ is called freely independent over E if 

E(7rji(ai)7rj2(a2) • • -Trj^^iam)) = 

whenever ak G Aj^. are such that E(Trj^{ak)) — for all 1 < k < m and ji 7^ j'2 7^ 
■■■=/= jm- In what follows we may identify A^ with the von Neumann subalgebra 
7rfc(Afc) of A with no risk of confusion. In particular, we may use E or Ek indistinc- 
tively over Afc. Moreover, for notational convenience we shall only use E almost all 
the time. In the scalar case, B is the complex field and the conditional expectations 
E and Ei, E2, . . . , E„ are replaced by normal faithful states. 

As in the scalar-valued case, operator-valued freeness admits a natural Fock 
space representation. We first assume that Ai, A2, . . . , A„ are C*-algebras having 
yB as a common C*-subalgebra. Let us consider the mean-zero subspaces 

Ak = |afc e Ak I E(afc) = o|. 
We define the Hilbert S-module 

00 o 

Aji (Xie Aj2 <8i8 • • • (gifi Aj„ 
equipped with the ,B- valued inner product 

(oi (g) • • • (g) a.^, a'l (g) • • • (g) a^) = Ej,„ {a*„^ ■ ■ ■ E^^ (a^ E^, {ala[) 4) • • • a^) . 
Then, the usual Fock space is replaced by the Hilbert ;S-module 

Hfs = e © Aj, ®B Aj2 ®B---®B Aj„. 
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The direct sums above are assumed to be S-orthogonal. Let £{T-Cts) stand for 
the algebra of adjointable maps on His- Recah that a Uncar right S-module map 
T : Tig TLb is called adjointable if there exists S : TYg Tis such that 

{x,Ty) = {Sx,y) for all x,y £ Tig. 

Let us also recall how elements of Afe act on Tig. We decompose any ak € as 

flfc = Ofc + Efc(afc). 

An element in B acts on Tig by left multiplication. Therefore, it suffices to define 
the action of mean-zero elements. The *-homomorphism tt^ : ^ £(Tig) has the 
following form 

O/c ® Xj^ ® Xj^ ® ■ ■ ■ ® Xj^^ , if fc 7^ ji 

E{ai^Xj^ ) (Xi • • • (Xi Xj^ ® 

(flfeXj-j — E{akXj^ )) (g) ® • • • (g) Xj^ , if fc ji . 

This definition also applies for the empty word. Then, since the algebra C{Hb) is 
a C*-algebra |22| . we can define the reduced B- amalgamated free product C*(*gAfe) 
as the C*-closure of linear combinations of operators of the form 

^ii (01)7^^2(02) • • •7rj,„(am). 

The C*-algebra C*(*gAfc) is usually denoted in the literature by 

*fc(Afc, Efe). 

However, we shall use a more relaxed notation, see Remark II . 21 below. 

Now we assume that Ai , A2 , . . . , A„ and B are von Neumann algebras and that 
B comes equipped with a normal faithful state 1^9 : S — s- C. This provides us with 
the induced n.f. states : ^ — > C and 0fc : A^ — > C given by 

= o E and (j)]^ = o E^. 

The Hilbert space 

/ o o o \ 

L2 ( Aji (gig Aj2 - ■ ®B Aj^ , (pj 

00 o 

is obtained from Aji <8)b Ajg ®B ■ ■ ■ ®B Aj„ by considering the inner product 
(ai (g) • • • (g) Qrn, a'l (g) • • • (g) a'„^)^ = "^((ai g) ■ • • g) a^, ai g) • • • a^)^ . 
Then we define the orthogonal direct sum 

Ti^ = L2 (6) ® L2 (Aj, g)g Aj2 «)f5 • • ■ «)e Aj„ , ■ 

Let us consider the ^-representation A : C{1-Lb) Biji.^) defined by (A(T)a;) — Tx. 
The faithfulness of A is implied by the fact that is also faithful. Indeed, assume 
that A(T*T) 0, then we have 

(T*Ta;,a;)^ = (^((Tx,Tx)) = for all x e Tig. 

Since is faithful, Tx = (as an element in Tig) for all x £ Tig, and so T = 0. 
Then, the B -amalgamated reduced free product ^sAk is defined as the weak* closure 
of C*(*gAfc) in £{Hb)- After decomposing 



7rfc(afe)(a;ji (g • • • g) Xj„) 
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and identifying Aa; with X{7rk{Ak)) ^ we can think of *^A/c as 

*BAfc = © A,, • • • A,,„ ) ". 

Again, the usual notation for ^bA^ is a bit more explicit one *fe(Afe, Efe). 
Let us consider the orthogonal projections 

Q^-.n^ ^ L2{B), 

/ o o o \ 

Qji - j„.-'^'P ^2 ( Aji «)e Aj2 ®K ■ ■ • ®B Aj„ , v?) . 

Then E : *gAfc ^ S is given by E(a) = QflaQg and the mappings 

£a^ ■■ *eAfc 9 a QA.aQAfc e A^ (Qa^ = 20 + Qfc), 

are n./. conditional expectations. In particular, it turns out that Ai,A2,...,A„ 
are von Neumann subalgebras of *B^k freely independent over E. Reciprocally, if 
Ai, A2, . . . , A„ is a collection of von Neumann subalgebras of A freely independent 
over E : A ^ B and generating A, then A is isomorphic to *B^k- 

Remark 1.1. Let = Ai * A2 * • • • * A„ be a reduced free product von Neumann 
algebra (i.e. A is amalgamated over the complex field) equipped with its natural n.f. 
state (j). Let B be another von Neumann algebra, non necessarily included in A. A 
relevant example of the construction outlined above is the following. Let us consider 
the conditional expectation E : AiS)B B defined by E(a (g) 6) = 4>{a)lA ^ b. Then, 
it is well-known that Ai^B, A2^B, . . . , kn®B are freely independent subalgebras of 
A®B over E. In particular, we obtain 

M = A®B = *e(Afe®S). 

Therefore, taking B to be ^(£2), it turns out that the complete boundedness of a 
map u : Lp{A) Lp{A) is equivalent to the boundedness (with the same norm) 
of the map u ® ids ■ Lp{M) Lp{M). In other words, since our results are 
presented for general amalgamated free products, complete boundedness follows 
automatically and is instrumental in some of our arguments. This will be used 
below without any further reference. 

Remark 1.2. Let be a von Neumann algebra equipped with a n.f. state (p 
and B a von Neumann subalgebra of A. According to Takesaki [J^ , the existence 
and uniqueness of a n.f. conditional expectation E : ^ — > i3 is equivalent to the 
invariance of B under the action of the modular automorphism group af associated 
to [A^ <j)). Moreover, in that case we have o E = and following Connes |B] 

E o af — af o E. 

In what follows we shall assume this invariance in all the von Neumann subalgebras 
considered. Hence, we may think of a natural conditional expectation E . A B. 
This somehow justifies our relaxed notation for reduced amalgamated free products, 
where we do not make explicit the associated conditional expectations. This should 
not cause any confusion since only reduced free product is considered in this paper. 
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2. Rosenthal/ VoicuLESCu type inequalities 



In this section we present a free analogue of Rosenthal's inequality I Rp I. Let A 
be the amalgamated reduced free product *eAfc with 1 < k < n and B a common 
von Neumann subalgebra of the A^'s, equipped with a n.f. state tp. As we have 
already seen, the state if induces a n.f. state cf) on A hy setting </> = o E. Given a 
non- negative integer d we shall write P^((i) for the closure of elements of the form 

(1) aj,ia)aj^{a)---aj^{a), 

o 

with aji^{a) € Aj^. and a running over a finite set A. In other words, P^(c?) is 
the subspace of A of homogeneous free polynomials of degree d. When d is 0, the 
expression does not make sense. P^(0) is meant to be B. Then we define the 
space Pa{P: d) as the closure in Lp{A) of 

^Aid) d;, 

where denotes the density of the state 0. Note that, by using approximation 
with analytic elements, we might have well located the density d^ on the left of 
P^((i) with no consequence in the definition of P^^d?, d). 

Similarly, Q^((i) denotes the subspace of polynomials of degree less than or equal 
to d in ^ and 

d 

^A{p,d) = @VA{v.k) with P^(p,0) =ip(S). 

fc=0 

The complementation result below from I^T* is crucial for our further purposes. 
Indeed, it was proved there that P_4((i) and Q^((i) are complemented in A with 
projection constants controlled by Ad and 2(i + 1 respectively. Thus, transposition 
and complex interpolation yield the following result for \ < p < oo. 

Theorem 2.1. The following results hold: 

(a) P^(p, d) is complemented in Lp[A) with projection constant < Ad. 

(b) Q^(p, d) is complemented in Lp{A) with projection constant <2d+l. 

Remark 2.2. In what follows we shall write 

(p, d) : Lp iA)^PA{p, d) and Ta ip,d) : Lp (^) ^ (p, d) 

for the natural projections determined by Theorem 12.11 It is worthy of mention 
that both projections above are completely determined by the natural projections 
n^(oo, d) and r^(oo, d) from More precisely, given x ^ A we have 

(2) UAip,d){xdl) ^UA{oo,d)ix)dl and r^(p, = r^(oo, 

In particular, by the density of the subspace Ad^J^ in Lp{A), the relations above 
completely determine the projections n^(p, d) and r^(p, d). This will be essential 
in what follows for the interpolation of the spaces P^(p, d) and Q^(p, d) by the 
complex method. Another relevant fact implicitly used in the sequel is that both 
n^(oo, d) and r^(cx3, d) commute with the modular automorphism group of (j). 
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2.1. The mappings Ck and TZk- Elements in Afe will be called mean-zero letters 
of Afe. Given 1 < fc < n, we consider the map Ck on P^(p, d) which collects all 
the reduced words starting with a mean-zero letter in A^. Similarly, the map TZk 
collects all the reduced words ending with a mean-zero letter in A^. That is, if a is 
given by the expression ^ we have 

A(a) = X! X! %-i(")"j2(a) • • •aj,(a), 

^fe(a) = 51 aii(")«j2(")---ajd(a). 
aeAii#i2 5^---#fc=id 

Of course, both Ck and TZk vanish on P^(p, 0). The mappings Lk and TZk were 
introduced by Voiculescu They are clearly i3-bimodule maps which commute 
with the modular automorphism group and with densities as in ((21 . Note also that 
Ck and TZk can also be regarded as orthogonal projections on L2{A). Thus, when 
p = 2 we need no restriction to the subspaces of homogeneous polynomials. In this 
particular case, we shall denote Ck and TZk respectively by and Rfe. Now we 
prove some fundamental freeness relations that will be used throughout the whole 
paper with no further reference. 

Lemma 2.3. If 1 < i,j < n and ai,aj G P^((i), we have 

(3) U(l - 7^.)(a.)*(l - 7^,)(a,)^■ = S,, e((1 - 7^0(aO*(l - 7^,)(a,)) L„ 

(4) (1 - U)TZ,{a,yTZjia,){l - L,) - S,, E(7e,(aO*7e,(a,)) (1 - L,). 

Proof. By the GNS construction on {A, (j>) we know that A acts on L2{A) by left 
multiplication. Thus, we may regard the left hand sides of and (@J as mappings 
on L2{A). To prove 0, we first note that 

(l-7^0(aO*(l-7^,)(a,) 
is a linear combination of words of the following form 

Wxy — X^^X^^_^ ■ ■ ■ X^^Hj^ ■ ■ ■ yja-iUjd' 
o o 

where Xi^ G Ai^ , Uj^ € Aj^ and 

h ^ i2 7^ ■ ■ ■ 7^ id 7^ i, 

3+3d + -- - +h T^Ji- 
When i\ ^ ji, it turns out that U)j;y IS 01 reduced word and, since jd ^ J, the 
map Wxy\-j can only act as a tensor so that the range of Wxy\-j lies in the ortho- 
complement of Li{L2{A)), since id 7^ i- In other words, in that case we have 

LiWxy\-j = = LiE{'Wxy)\-j ■ 

When ii = ji we may write Wxy = w'^y + w'^y with 

^xy — ^id^id-l ' ' ' ^i^iiVjl) 2/^2 ' ' ' Vjd-lVjd- 

If c? > 2, the argument above implies again that Liw'J.yLj = since w"^ is a reduced 
word not starting with mean-zero letters in Ai nor ending with mean-zero letters 
in Aj . Then it is clear that we can iterate the same argument and obtain 

LiWxyLj = UE(a;*_^ • • • E{x*^yjJ ■ ■ ■ y-jJLj = liE{wxy)lj = S^j E{wxy)lj. 
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The second identity follows easily by freeness. Summing up we obtain (j^J. 

The proof of 10} is quite similar. Indeed, now we may write TZi{ai)*TZj{aj) as a 
linear combination of words Wxy with the form given above and satisfying 

ii 7^ «2 7^ • • • 7^ «d = i, 

j =jd7^ ■■■ i^h ^ji- 
Then the arguments above lead to the following identity 

(1 - U)w,y{l - L,) = (1 - U)E{xl ■ ■ ■ Eixly,,)- ■ ■ %J(1 - L,) 
= ^'ij • • • E(x*^yj J • • • - Lj) 

where the second identity holds because the only way not to have 

E(a;L •••%J = 

is the case where the indices ig and js fit, i.e. ig = js for 1 < s < d. Therefore, 
since i = id and jd = j, the symbol Sij appears. Summing up one more time, we 
obtain the identity 10} . This completes the proof. □ 



Remark 2.4. The assumption that and aj are homogeneous and of the same 
degree is essential in Lemma l2.3l Indeed, the following counterexample was brought 
to our attention by Ken Dykema. Let F2 denote a free group on two generators 
gi,g2 and let A : F2 ^ I3{i2{^2)) stand for the left regular representation. Let Afc be 
the von Neumann algebra generated by X{gk) for k = 1,2. In this case, = Ai * A2 
is the von Neumann algebra generated by A and the conditional expectation E is just 
T, where r is the natural trace on A. Then we consider the (non-homogeneous) 
polynomial a = X{g2) + A(f/23i32)- Clearly, we have TZi{a) = and 

a*a = (A(g2)* + Hgigm)*) (A(52) + Mg2gig2)) = E(a*a) + \{gig2) + Xigm)*- 

Taking for instance h = X{gig2)i we see that 

Lia*aLi(/i) = LiE(a*a)Li(/i) + A(<?i.g25i52) ^ liE{a*a)li{h). 

Thus identity (|3} does not hold for a. A similar counterexample can be constructed 
for 0}. In particular, since identities l(2} and 0} are essential in most of our results 
below, this explains why this paper is written in terms of homogeneous polynomials. 

Lemma 2.5. // 1 < p < 00 and ai, a2, . . . 



■IL 

f y^7^fc(afc)*7^fc(afc! 



< cd 



e PA{p,d), 

n 

( 



n 

(^7^fe(afc)7^fc(afe)' 



n 
k=l 



Moreover, the same inequalities hold with the operator Ck instead ofTZk- 

Proof. It is clear that any a £ Pa{p, d) satisfies Ck{a*) — TZk{a)*. Consequently, it 
suffices to prove the inequalities for the TZkS. On the other hand, in the row/column 
terminology (i.e. taking and to be the first row and column of the Schatten 
class Sp), the two terms on the right hand side are the norms of (ai,a2, . . . ,a„) 



ROSENTHAL TYPE INEQUALITIES FOR FREE CHAOS 



13 



in Rp{Lp{A)) and Cp{Lp{A)), respectively. According to [HJj both spaces embed 
isometrically into 

S;'{Lp{A)) = ip(M„ (»A)=Lp(^ *M„®B (M„ (E) Ak)) = ip(-4„). 

Therefore, by means of Thcorem l2 . II fapplicd to the amplified algebra An), we know 
that P^^ip, d) is complemented in Lp(An) with projection constant M. Using the 
same projection restricted to Rp{Lp{A)) and Cp{Lp{A)), we conclude that the 
respective subspaces of homogeneous polynomials i?^ (P^(p, d)) and (P^(p, d)) 
form interpolation scales with equivalent norms up to a constant Ad. By this ob- 
servation, it suffices to show that the assertion holds for p = 1 and p — oo with 
constant in both cases controlled by cd. In fact, in the latter case we shall even 
prove that the constant does not depend on d. This will be used sometimes in the 
paper without further reference. We prove the desired estimates in several steps. 

Step 1. Let us prove the first inequality of 7?,fc's forp = oo. The GNS construction 
on (A, 4>) implies that A acts on L2{A) by left multiplication. Thus, we may regard 
afcU, TZk{ak){l ~ U) and (id^ - 'R-k){ak)\-k as mappings on L2{A). In particular, 
since we have TZk{ak) = a/cU + 7ik{ak){l - \-k) - (id a - TZk)iak)\-k, we obtain by 
triangle inequality (with dj denoting the usual matrix units in B{£2)) 



■II 

|(^7^fc(afc)*7^fe(afc) 



fe=i 



< 



fc=i 



k=l 



efel <S) 1lk{ak){l - Lfe) 



^ efel ® {id^ - 7^fe)(ofe)L^ 



k=l 



If Ai, A2, A3 denote respectively the terms on the right, we have 



Ai = ||(^efcfe(g)afe^(^ 



k=l 



Y^eki 

k=l 



< max I 

00 l<k<7i 



Thus, since J2k Lfe = 1 — E, we find 

Ai < II 

On the other hand, by Q we have 



n 
k=l 



ak\ 



k=l 



Ao = 



k=l 



(1-U)7efe(afe)*7efe(afe)(l-Lfc) 



^E(7^fe(afe)*7^fe(afe))(l-Lfe) 



k=l 

Now, since commutes with B, the last term is 

E(7^fe(afe)*7^fe(afe))5(l - U)E(7^fe(afc)*7^fe(afe))^ < E(7^fe(afe)*7^fe(afc)). 
Next, we observe that 
(5) 



E(7?.fe(afe)*7?.fe(afe)) < E(afeafe). 
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Indeed, since ak is mean-zero 

flfe = V TZj{ak); 
^ — 'j 

so, by freeness 

E{alak) = Y,E{n,iak)*nj{ak)) = Y,E{nj{akynj{ak)) > E(7^fc(afe)*7^fe(afc)). 
This proves ©. Combining the estimates above, we find 



ri 1 ri 

A2< VE(4ofc) ' < (Vflfcafc 

M ^ — ' oo M \ — ' 



fe=l 



fc=l 



The estimate for A3 is similar to the one for A2 and we leave it to the reader. 
Step 2. Now we prove the second inequality for TZk^s. As above, we have 



y^7^fc(Qfc)7?.fc(Qfc)' 
' fc=i 



fe=l 

n 

+ II ^ eifc «) 7^fc(afc)(l - Lfe) 
fc=i 

n 

+ II eifc (g) {idA - 7^fc)(afc)L 

/c=l 



We write 61,62, B3 for the terms on the right. The estimate of Bi is trivial 

n n 

Bi = II ^ eife (g) afc^ ^ ekk » L^^ 

/c=l k=l 

On the other hand, by and ij^l we may write 



< 



k=l 



aka*k 



fc=l 

< max 1 1 E ( 

l<fc<n 



11 

J2 e.,®(l-U)7^,(aO*7^,(a,)(l-^■) 

" - 

Vefefc ® E(7^fc(afe)*7^fe(afc))(l - U) 

II - II - 

(7^fe(afe)*7^fc(afc))||^ < ^rnax^ || E(afeafe) ||^ < ^max |lafc||oo. 

Finally, to estimate B3 we use Q and the proof of Q 



B3 = II Cjj (g U{ai - TZi{ai))*{aj - Tlj{aj))Lj 



n 

= II ^efefc (g) E((afe ~ Uk{ak))* {ak - Uk{ak)))lk 

k=l 

II - 

< max \\E({ak-TZk{ak))*(ak-T^k{ak)))\\l^ 

l<k<7i " 

< max ||E(atafe)|h < max llafelioo- 

l<k<n II ^ ^ lloo l<fe<n 
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Step 3. Now we use a duality argument to prove the same estimates in Li{A). 
Recall dcj, denotes the density associated to the state (p of A. Let a E Pa (d) and 
X € Ahe a finite sum of reduced words. Then we have 

(6) {x,Tlk{d^a)) = tYA{x*'Rk{d4>a)) ^tYA{d^'R-k{a)x*) 

= (^(E(7^fc(aK)) ^ ^{E{aCk{x*))) 

= tTA^d^aTZkix)*) ^ {TZk{x),d4,a). 

Moreover, arguing as we did in the proof of Lemma EIH it can be checked that any 
word in x of length different from d does not contribute to the quantity considered 
in ©. Let us define 

Xn) I a;fc e ^, II > ' Xkxl < 1 



{< 

{(^1 



Xi,X2, ■ 



Ra = 

Ca = \(xi,X2,. 
and let us also consider the sets 

RA{d) = |(xi,X2,... 
CA{d) = |(xi,X2,... 



,Xn) I Xk e P^(d), 
,Xn) I Xk e P^(rf), 



XkXk 
Xf.Xk 



<1 



xkXk 



Arguing as at the beginning of this proof, we know from Remarks II . 21 and 12 . 21 that 
the projection n^(oo,d) is in fact completely bounded. This means that we may 
work on the amplified algebra An — M„ (g) A and obtain projections 

-n^„((X3,d) : Rn{A) ^ i?„(P^(d)), 

nd = n^„(^,d): CniA) ^ c„(P^(d)), 

bounded by -id. In particular, we obtain the inclusions Ild{RA) C AdRA{d) and 
nd(C^) C 4(iC^((i). Therefore, since the words of length different from d do not 
contribute in (jSJl 



^ eik ® 7^fc(afc) 



sup yj, {xk,'R-k{ak)) 



sup 



{TZk{xk),ak) 



< 



sup {TZk{xk),ak) 



< 



sup 

xeidF!.A{d) 



TZk{xk)TZk{xk) 



By Step 2, 



^ 7^fe(afe)7^fc 



E. 



Similarly, using Step 1 and the space C^((i), we obtain the remaining estimate. □ 

Remark 2.6. A detailed reading of the proof of Lemma l?31 shows that the constant 
is controlled by cd^ for 1 < p < 2 and by cd for 2 < p < oo. Moreover, the same 
arguments are valid to show that Lemma 12.51 also holds replacing Ck or TZk by 
Qk — Ckli-k — T^kCk (to be used below). These generalizations of Lemma IT^ will 
be used several times in the sequel. 
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Remark 2.7. In Remark EH we have partially justified why this paper is written 
in terms of homogeneous polynomials. On the other hand, Lemma |2.5l for n = 1 
shows that Ck and TZk are bounded operators when acting on P^(p, d) for any 
1 < p < oo and d > 1. Another relevant fact which justifies the use of homogeneous 
polynomials is that Ck and TZk are not bounded on Loc{A). The following simple 
counterexample was brought to our attention by Ana Maria Popa. Consider again 
the free group F2 with two generators gi , g2 and keep the terminology employed in 
Remark |2. 41 Let H be the subgroup of F2 generated hy w — (7152 • Of course, it is 
clear that H is isomorphic to Z and that A(H)" ~ ioo('T'). Moreover, we obviously 
have Ci{X{w'')) — 6k>o X{w''). In particular, HA — A(F2)" denotes the reduced 
group von Neumann algebra, it turns out that the restriction of £1 : A ^ A to 
A(H) behaves as ^(*c'loo(t) + H), where H denotes the Hilbert transform on the 
circle. The claim follows since the Hilbert transform is known to be unbounded on 
ioo(T). Moreover, the same example also shows that the map Qk — Ti-kCk (to be 
used below) is unbounded on Loc{A). Indeed, Qi is not bounded on the subspace 
X{Hgi)" since 

Qi(A(u;V)) =4>oA(^i;V)- 
Proposition 2.8. //ai, 02, . . . , a„ G P^((i), we have 



^£fe(afc) max< ^£fc(afc)*£fc(afe) , E{Ck{ak)Ck{ak)*) 



k=l 



k=l 



y^^TZkiak] 
fc=i 



max< ^7^fe(afc)7^fe(ofc)* , ^E(7^fc(afc)*7^fc(afc)) 



k=l 

1 ., " 



k fe=l k=l 

Proof. Once more, we only prove the assertion for TZk- We have 



y^TZkiakUl 

II 00 

n n 

< ||V7^fc(afc)U +11 V7^fc(afc)(l-U) 

II ^ — ^ 00 II ^ — ^ 

n 1 

= ||^7^fc(afe)U7^fc(afe)i' +1 ^(l-U)7^,(a,)*7^,(aJ)(l-l-J 



fe=l 



«,i=i 



^TZk{ak)\-k'Jlk{akT ' +||^E(7^fe(afc)*7^fe(afe))(l-U) 



fe=i 



The first term is clearly bounded by '^f^TZk{ak)TZk{ak)* ■ For the second term we 
argue as in the proof of Lemma |2. 51 That is, using that commutes with we 
can write Y.k ^iJi-k{ak)*'R'k{ak)){l ~ \-k) as 

£{TZk{ak)*TZk{ak)) ^ (1 - U)E(7^fc(afe)*7^fc(afe)) ^ . 
Thus, we obtain the upper estimate 



y^TZkiak) < y^Uk{ak)'R-k{.aky 



k=l 



k=l 



E{TZk{ak)*TZk{ak)) 



k=l 
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For the lower estimate, using freeness, we clearly have 



(7) VE(7^fc(afe)*7^fc(afc)) ^ \\ E{n,ia,)*n,{aj)) < V7^fe(afc) 

II ^ — ^ oc II ^ — ^ oc II ^ — ^ 



fe=l 



Thus, it remains to show that 

n i ^ 

Y]7^fc(afe)7^fe(afc)* ' <c Y]7^fc(afe) 

II oo II 

To that aim we observe from ((TJ and the calculation above that 

n 11 n 

||^7^fc(afc)U <||^7^fc(afe) +11 ^ 7^fc(afe)(l-U) <2||^7^fe( 



Hence, since the term 



k=l 



ak, 



k=l 



k=l 



k=l 



k=l 



is independent of any choice of signs e — (ei, . . . , e„) e = {±1}", we find 



(8) 



^SkUkiak) < 5(a,e) < 3 ^7^fe(afc) 



fc=i 

Therefore, we obtain 



fe=i 



^7?.fc {ak)'Rk{ak. 

k=l 

^ n 

= \\ iV] eiTZi{ai)ejTZj{aj)*de 
«j=i 

^ n 

- / ei'Ri{ai)£j'Rj{aj)* de 

/oil — oo 

< / lly e,7^,(a,) I ||y"ej'7^j(aj)* rfe < sll V 7^fc(afc) 



k=l 



This is the remaining inequality to complete the proof of the lower estimate. 
Corollary 2.9. If 2 < p < oo and ai, a2, . . . , a„ e Pa{p, d), we have 



□ 



fc=i 



k=l 



p/2 



Ckittk)* Ck{ak) 



k=l 



y^TZkiak) < cd^ max \\\'S^TZk{ak)Tlk{ak)* " ,\\y^Ukiak)*TZkiak] 

^ p [11^ P/2 11^ 



fc=i 



p/2 



p/2 



Proof. We only prove the second inequality. According to Proposition 12.81 the 
case p = (X) follows with constant 3 while the case p = 2 holds with constant 1 by 
orthogonality. Therefore, it suffices to show that we can interpolate. To that aim 
we observe that the term of the right hand side can be rewritten as 



max< y^eifc <^7lk{ak) 



k=l 



, ^efei ®TZk{ak) 



k=l 
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In other words, this is the norm of {Tlk{ak)) in 

On the other hand, by TheoremEHwe know that i?^(P^(p, d)) and C^(P^(p, d)) 
are complemented respectively in Rp{Lp{A)) and Cp{Lp{A)) with projection cons- 
tant less than or equal to Ad. Thus, taking the same projection on RC'p {Lp{A)) and 
using that RCp{Lp{A)) is an interpolation scale (see we conclude that 

RCp{'P^{p,d)) is an interpolation scale with equivalent norms up to a constant 
controlled by cd. Then we need to consider the subspace of _RCp (P^(p, d)) made 
up of elements for which the fc-th component is in TZk{Lp{A)). The associated 
projection is 

^ — 

where {5k) denotes the common basis of R and C when (i?, C) is viewed as a 
compatible couple. According to Lemma 1231 and Remark 12.61 the projection li-ji is 
bounded and of norm < cd. Therefore, the family of spaces n^j, (i?Cp (Pyi(p, d))), 
2 < p < oo, forms an interpolation scale with equivalent norms up to a constant 
controlled by cd^ . This completes the proof. □ 

2.2. Proof of Theorem A and applications. We now study generalizations of 
Voiculescu's inequality 44 , originally formulated for 1-homogeneous polynomials 
in a free product von Neumann algebra. Our main result is Theorem A (stated 
in the Introduction), which extends Voiculescu's inequality in three aspects: we 
allow amalgamation, homogeneous free polynomials of arbitrary degree and our 
inequalities hold in Lp{A) for 2 < p < oo. In particular. Theorem A can be 
regarded as a generalization of Rosenthal's inequality I Rp I in the free setting. 

The notation 

Qk = T^k^k = CkT^k 

o 

for the projection onto words starting and ending in Afe is crucial for our analysis. 
Lemma 2.10. If a E P^((i), we have 



max Qfc(a) 

l<k<n " ' 



n 
k=l 



E(Qfc(a)*Qfe(a)) " +\\j2HQkia)Qk{ay 



k=l 



<c\\a\\ 



Moreover, i/ oi, 02, . . . , a„ G P^(d), we have 



Qk{ak] 

k=l 



max Qfe(afe) 



^E(Qfc(afe)*Qfe(afe)) 



Y,^Qk{ak)Qk{akT) 

k=l 

Proof. According to the proof of Lemma E31 we know that £k and TZk are bounded 
maps on P^{d) with constant 3. In particular, we find ||Qfc(a)||oo < 9|ja||oo. On 
the other hand, using the identities 



E(a*a) 



J2,^{Lk{arCk{a))^J2k 



E(7^fc(a)*7^fc(a)), 
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for homogeneous polynomials (c./. the proof of (0)) we easily obtain the estimate 

n n 

\\Y,HQk{arQk{a)) = ||^E(7^fe(A(a))*7^fe(/:fe(a))) 



k=l 



< \\j2H^k{arCkia)) -||E(a*a)||^< 



k=l 



Using this estimate for a*, we deduce the first assertion. 

To prove the second one we note that Qfc(afe) = Sfc(a) for a = J2k Qk{ak)- 
In particular, the lower estimate follows from the first assertion. For the upper 
estimate we use 

n n n n 

Qk{ak) = ^kQk{ak)U + Y Qk{ak)(l - U) + ^(1 - lk)Qk{ak)lk- 



k=l 



k=l 



k=l 



k=l 



The first term gives the maximum. The remaining terms are estimated by Q. □ 

Lemma 2.11. Let G P^{p,d) and signs Sk = ±1. 
i) If I < p < 2, we have 



IIVefcQfc(afc) <cdiVQfc(afe) 

II p II 

ii) If 2 < p < oo, we have 

n n 



Proof. If a e Pa{p, d), we claim that 
(9) 







k=l 
n 


P " fc=i 

71 


/ 1 


< cd \\y lZk{ci) 

p II — ^ 

^ 1 — 1 



for 1 <p <2, 



for 2 < p < oo. 



The second inequality clearly holds with constant 1 for p — 2. On the other hand, 
according to ©, it also holds for p — oo with constant 3. Therefore, since any 
a g P^(p, d) satisfies a = TZk{a), our claim follows for 2 < P < oo by complex 
interpolation from Theorem 12. II 

Then a duality argument yields the first inequality in the claim. Indeed, by Theo- 
rem 12. II one more time, we have P^(p, d)* ~ P^(p',d) with equivalence constant 
controlled by 4(i. Therefore, given 1 < p < 2, an element a E Pyi(p, rf) and signs 
El, 62, ■ ■ ■ , Sn, we choose X £ Fj{{p', d) of norm one such that 



k=l 



Y^kTlkia) < 4(jtr^(a;* y^£fc7^fc(a) 
^ fc=i 

n 

= AdtT^(^Y^k^kix*)a 
fe=i 

n 

< 4c^||a||J,||^efe7^fe(: 



k=l 
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Taking a = J2k^ki^k), 


we see that © implies 


11 


n 

< ccP'\\y^ TZk{ak) 
p II ^ — ^ 


(10) ''t 


^ k=l 

n 


£kTik{ak) 

k=l 


< cd y^TZk{ak) 



for 1 < p < 2, 



for 2 < p < oo. 



Therefore, the lemma immediately follows from H1Q(I since Qk = TZkQk- 
Lemma 2.12. If 1 < p < 2 and ai, a2, . . . , a„ e Q^(p, d), we have 

< cd^' 



□ 



^ Q/c(a/c) 



fe=i 



'(El 

fc=i 



Proof. Using the boundedness of the projection Tj^{p^d) from Remark 12.21 and 
complex interpolation, it suffices to see that the inequalities associated to the ex- 
tremal indices hold with constant controlled by cd^ . In the case p = 2, this follows 
by orthogonality with constant 1. When p — 1, we decompose the a^'s into their 
homogeneous parts and use the boundedness of 

QkoUA{l,s):Li{A)^PA{l,s). 

Indeed, by Step 3 in the proof of Lemma [2. 51 and Remark 12.61 we have 

||Qfcon^(i,s)||^ <c(i + s)||n^(i,s)||i. 

Therefore, wc find 

n n n d 

||E2fc(«fc)||^ < ^||Qfc(afc)||i <^^||Qfc(n^(l,s)(afc))||i 



k=l 



k=l 
n d 



k=l s=0 



n d 



k=l s=0 



^ EE^(i + ^)l|n-4(i,s)(«fc)IL<c^E(i+^)'ii«^iii 

k=l s=0 
d 



fc=i fc=i 



□ 



This proves the remaining estimate. The proof is complete. 

Proof of Theorem A. Lemma [2.101 implies the assertion for p = oo. Thus, we 
may assume in what follows that 2 < p < oo. Let us prove the lower estimate. First 
we observe that Lp(A) has Rademacher cotype p for 2 < p < oo. This, combined 
with Lemma [2.111 vields 

(11) (^llQfc(afc)ll^)^ < / ||5]£fcQfe(afc)|| de<cd\\Y,Qk{ak) 

k=l •'^ k=l ^ k=l 

For the second term we use 

n n 

Y,^{Qk{akrQk{ak)) = E(Q,(a,)*Q,(«j)). 

k—l — 1 

Hence, by the contractivity of E 

Qfe(afc) 



X^E(Qfc(afc)*Qfc(afe)) 



fe=i 



< 



p/2 



fe=l 
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The third term is estimated in the same way. Therefore, the lower estimate holds 
with constant cd. Now we prove the upper estimate. To that aim we proceed in 
two steps. First we prove the case 2 < p < 4 and after that we shall apply an 
induction argument. 

Step 1. Since TZk{Qk{ak)) = Qk{ak), we may apply Corollarv l2.9l and obtain 



< cd? II ^ Qk{ak)Qk{akr ^ + II E Qk{akTQk{ak) 



k=l 



fc=l 



(12) \\J2Qk{ak) 

k=l 

Then we observe that 

(13) Qk{ak)Qkiakr - ^Qkiak)Qkiaky) + Qk{Qkiak)Qkiak)*), 

(14) QkiakTQkiak) = ^iQkiakTQkiak)) + Qk{QkiakrQkiak))■ 
Let us first assume that 2 < p < 4. Note that Qk{ak)Qk{cLk)* is not necessarily 
homogeneous. However, it is not difficult to see that it is a polynomial in Lp/2{A) 
of degree 2d — 1. Therefore, it follows from Lemma [2. 121 that 



Y,Qk{Qk{ak)Qk{akY) 



k=l 



p/2 



< cd^(E||Qfe(afc)Qfe(afe) 

k=l 

n 9 

= cd^(Ell2^K)llp 



*||P/2\ P 
\\p/2) 



k=l 



By (|13ll and the triangle inequality, we deduce 



VQfe(afc)Qfc(afe)* ' < II VE(Qfe(afc)Qfe(afc)' 



k=l 



p/2 



k=l 



p/2 



n 



fc=i 

Taking adjoints, we obtain a similar estimate for the last term of (|12|l . Hence, given 
any index 2 < p < 4, we have proved that the assertion holds with Cp{d) < cod'^ for 
some absolute constant cq. 

Step 2. Now we proceed by induction and assume the assertion is proved in 
Lpf2{A) with constant Cpf2{d) for some 4 < p < oo. Of course, we still have (|12|1 . 
II13|I and (|14|l at our disposal. Thus, arguing as above it suffices to estimate the 
term 



J2Qk{Qk{ak)Qk{akr) 



k=l 



p/2 



Let us write Xk — Qk{o-k)Qk{a-k)* ■ As observed above, we know that Xk is a 
polynomial of degree 2d — 1. Hence, we may use the projections H_4(p, s) from 
Remark 12.21 and obtain the following inequality for Xks = n^(p, s){xk) 

n 2d~l n 



— p/2 — M — 

fc=l s=l k=l 



p/2 



By the induction hypothesis, we have 

2d-l n 2d-l 



•^ks 



s=l fe=l 



p/2 



< E Cp/2{s){As + Bs + C, 
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By Remark l2. 61 the first term on the right is estimated by 

n 2 

As = (Eii2^(--)ii:9' 

A.— 1 

n 2 n 

fc=i 

The second term is given by 

n 

Bs = \\j2HQk{xksTQkixks)) 



k=l 



p) 



fc=l 



p/4 



Using Xk = J2s ^ks, freeness and p4|) . we have for all 1 < s < 2d — 1 
EiQkixksTQkixks)) < E^E(Qfe(a;fe,)*Qfc(a;fc,)) 

= V ^QkiXkqTQkiXkr)) 

= E(Qfc(xfc)*Qfc(xfc)) 

= E((a;fe-E(a;fe))*(xfc-E(xfc))) 
= E(xfeXfc) - E(xfc)*E(a;fe) < ^{x^Xk)- 
Then we apply |17l Lemma 5.2] and then obtain 



< 



Xk) 



k=l 



I p/4 



k=l 



I p/4 



< ||EE(2^K)2^K)*)llpV(EI|2'»(«^)|lp)'''"- 

k=l k=l 

The same estimate holds for C^. Now, by homogeneity we may assume that 



(Ell2'=(«fc)llp)' + ||EE[2'cKrQfe(afe)] 

k=l fe=l ^ k=l 

Then combining the inequalities so far obtained, we deduce 

2d~l n 2d-l 

< E Cp/2(s)(2 + CS 



EE[QfcK-)Qfc(afc)1 



E |E2^(^^^ 

s=l s=l 

Chasing through the inequalities above, we obtain the estimate 



p/2 



for some absolute constant c. Taking c big enough so that cq < c and recalling that 
Cp{d) < cod'^ < cd'' for 2 < p < 4, it turns out that the growth of the constant 
Cp{d) as c? cx) is controlled by cd'' . This proves the assertion. □ 

Remark 2.13. A noncommutative analogue of Rosenthal's inequality for general 
von Neumann algebras (non necessarily free products) was obtained in [171 , see 
also 021 for the proof and the notion of noncommutative independence employed 
in it. As we have pointed out in the Introduction, recalling that freeness implies 
this notion of independence. Theorem A for d = 1 and 2 < p < oo follows from 
the noncommutative Rosenthal inequality. However, the constants in |17l I18j are 
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not uniformly bounded as p — > oo, in sharp contrast with Theorem A. Similarly, 
one could try to derive Theorem A for d > 1 and 2 < p < cxd by proving that 
Qi{o-i), 22(02), ■ ■ • , Qn{an) are independent in the sense of J^. Nevertheless, this 
alternative approach to Theorem A would provide constants depending on p, rather 
than on d. 

Since any a S P^(p, d) satisfies 

n n 



fc=i 



fc=i 



the following result characterizes the Lp norm of all homogeneous free polynomials. 
Corollary 2.14. If 2 < p < 00 and ai, 02, . . . , a„ G P^{p, d), we have 



k=l 


p II 


n 

7 1 


p II 



k=l 



Ck{ak)*Ck{ak) 

k=l 
n 

y^'R-k{,ak)'R-k{ak)' 



Proof. By (O we have 

n 

^'Rk{ak)'Rk{aky 



k=l 



< 



k=l 



p/2 



p/2 



p/2 



E{Ck{ak)Ck{ak)* 

k=l 
n 

^E(7^fe(afc)*7^fe(afe)) 



fc=i 



p/2 



p/2 



SiTZi{ai)ejTZj{aj)*d£ 



p/2 



P n n in 

(/ II II rfe) ' < cd II ^7^fc(afc) 



fe=i 



On the other hand, by freeness 



^E(7^,.(a,)*7^,(afe)) = e( ( ^ 7^.(a,))* ( J] 7^, (a,)) 



fc=i 



1=1 



Therefore, by the contractivity of E 



V E(7^fc(afc)*7^fc(afe)) ' < V 7^fc(afc) 

II p/2 II 

fc=l fc=l 

This gives the lower estimate. 

For the upper estimate we assume that 2 < p < 00, since the case p = 00 was 
already proved in Proposition 12.81 Now we use the second inequality stated in 
Corollary ESI 



p/2 



^Tlk{ak)*Tlk{ak) 



fc=i 



I ^7^fe(afe) < cd^ I ^7^fe(afe)7^fc(afe)* 
fe=i ^ \ fe=i 

On the other hand, it is clear that 

n n n 

(15) ^7^fe(afc)*7^fe(afe) = ^E(7^fe(afe)*7^fe(afe)) +^Qfe(7^fe(afe)*7^fe(afe)). 



fe=i 



fc=i 



fc=i 



24 



JUNGE, PARGET AND XU 



Hence, it suffices to estimate the last term on the right. This part of the proof is 
similar to the corresponding one of the proof of Theorem A. Again, we observe that 
Xk = TZk{o-k)*Ti-kio-k) is no longer homogeneous but a polynomial of degree < 2d. 
Our argument for this term depends on the value of p. 

Step 1. If 2 < p < 4, we apply Lemma [2 .121 and obtain 



k=l 



p/2 



< cd- 



n 

fc=i 



Xk 



\p/A " 

■llp/2 



n 1 iL 



k=l 



k=l 



p/2 



where the last inequality holds for 2 < p < oo and follows by complex interpolation. 
Hence, in the case 2 < p < 4, we have proved the upper estimate with constant cd^. 

Step 2. If 4 < p < oo, we take Xks = H^(p, s){xk) and write 

n 1 2d 71 ,, . i 1 

< \/2d max \\^ Qk{xks) 

l<s<2d II ^ 



J2Qk{xk) J/^< (EiE2^-(^^^ 



fc=l ' s=l k=l 

By Theorem m we have 



p/2 



fc=i 



p/2 



E Qkixks) 



k=l 



p/2 



fe=l 



p/4 



p/4 



k=\ 
n 

k=\ 

These terms are estimated as in the proof of Theorem El (Step 2) 

n 

A. < cs'{^\Tlk{ak)\l 

k=\ 

Similarly, we have 

Tl p-4 

max(B„C,) < 11 V E(7^fe(a,)*7^fe(afe)) ( E 

II ^ — ' p/2 V — ' " 



= As + B^ + a. 



p-4 ^ n 
p/2 

fc=l k=\ 

On the other hand, by homogeneity we may assume that 



p/2 



E ^{Tlk{ak)*Tlk{ak)) 



fc=i 

Using the estimates above and 

n A ^ 

(^||7^fe(afe)||J;)" < ||E^'=K)7^fc(afe) 
fc=i fe=i 

we obtain 

.. " i 

EQk(xk) ' < V2d max cs'^(2 + cs2) 
p/2 l<s<2d L ^ ^ 



A:=l 



p/2 



= 1. 



p/2 



fe=l 
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for 4 < p < oo. Therefore, by Corollary 12. 91 and H15|l we find 



y^7?.fc(afc) 



fc=i 



< C(f. 



This and Step f yield the assertion for TZ^s. For £fc's we take adjoints. 
Corollary 2.15. If 2 < p < oo and a e Pa{p, d), we have 



□ 



+ ||E(aa*)2|| +||E(a*a)2|| 



Proof. We use a = Y^^=i T^k{a) and Corollary 12. 141 

n 

^E(7^fe(a)*7^fe(a)) 



p/2 



y^7^fc(a)7?.fc(' 

" fe=l " /c=l 

To estimate A we use Corollary 12 . 1 41 for the £fc's 



p/2 



A + B. 



^7^fc(a)7^fe(a) 



k=l 



p/2 
n 

^eife (g)7^fc(a) 



fe=i 



•S"(ip(-4)) 



IS?'(ip(-4)) 



^ Cii >Ci ( ^ eij (g) 7?.j (a) 

E E (( E ® £,7^J (a)) ( E ® A7^, {a))' 
1=1 j=i 

n 



3;/2(ip/2(B)) 



S"(ip(^)) 



en® E E((A7^J(a))(A7^J(a)) 



On the other hand, it is clear that 



S"(ip(^)) 



S?/2(-E'P/2(B)) 

E(aa*)^IL^(e)- 



Thus, since we haye used equiyalences at each step, the proof is completed. □ 

Remark 2.16. By decomposing a free polynomial of degree d into its homogeneous 
parts, we automatically obtain triyial generalizations of Theorem A and Corollaries 
12.141 and 12. 151 for non-homogeneous free polynomials of a fixed degree d. Most of 
the forthcoming results in this paper are susceptible of this kind of generalization. 
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3. A LENGTH-REDUCTION FORMULA 

In this section we prove a length-reduction formula for polynomials in the free 
product. One more time, our standard assumptions are that A — ^/jAfe where 
1 < k < n, B is equipped with a n.f. state ip which induces a n.f. state (jj = ipoE on 
A and E : A —^ B is a n.f. conditional expectation. As usual, denotes the density 
of the state cj). We will need some preliminary facts on certain module maps. First, 
given 2 < p < oo, we define on y^i^ig Lp(A) the Lp/2{A)-vahicd inner product 

{{xi (g) yi, X2 ® Vt)) = y*iE{xlx2)y2- 

This allows us to define L'p{A®B A, E) and Lp{A®B A, E) as the completion of the 
space A®B Lp{A) with respect to the norms 

II - 

\\z\\L-(A<jiBA.E) = 2*>>||1^^^(^)- 

Let Coo {B) be the column subspace of the K- valued Schatten class Soo (B) 

Coc{B) = { efci ® bk e B{l2) ®mi„ S}. 

By J there exists a normal right S-module map u : A—* Coo [B) satisfying 

oo 

(16) E(x*?/) = ^ Uk{x)*Uk{y) = u{x)*u{y) for all x,y <^ A, 

fe=i 

where Uk stands for the k-ih coordinate of u. Note that, according to |13[I16| . this 
map canonically extends to Lp{A). On the other hand, recalling that amalgamation 
gives Cao[B) ®B Lp{A) = Cp{Lp{A)), we have an isometry 

(17) u^u® idL^^^) : L-piA A, E) -> Cp{Lp{A)). 
Indeed, note that 

(u{xi 'S> yi))* {u{x2 (812/2)) = Yylukixi)*Ukix2)y2 = ylE{xlx2)y2- 

k=l 

Thus, linearity gives 

II - 

rW|lc,(L,(^)) = IK(^' = II^IUs;(^»B-4,E)- 

A similar argument holds in the row case and by [131 Proposition 2.8] we deduce 
Lemma 3.1. Let A and B be as above. Then, 

L^p{A(gBA,E) and L^(yl«)H^, E) 
are contractively complemented in the space Sp{Lp{A)) for any 2 < p < 00. 
In what follows, A will always denote a finite index set. 
Lemma 3.2. If2<p< 00, the space 

n 

Wp = I ^ ^a;fe(a) (g) Wfe(a) | Xkia) e Afej 

qGA k=l 

is contractively complemented in Lp{A (^b A, E) as well as in Lp{A ®b A, E). 
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Proof. By definition, L'p{A (X)e -4, E) is the closure of 

x{a) (g) w{a), 

aeA 

where x{a) E A and w{a) E Lp{A). Let us recall the notation IIa{p, d), introduced 
in Remark l2.2l for the projection from Lp{A) onto the homogeneous polynomials of 
degree d. Then we clearly have 

x{a) = E(x(a)) + n^(p,l)(a;(a))+^n^(p,d)(a-(a)) ^ x{a,0) + x{a,l) + x{a,2). 

d>2 

Now we define 



A = x{a, 1) (g) w{a), 

B = 1^ (g) x{a, 0)w{a) + x{a, 2) (g> w{a). 



aeA aeA 

Note that ^{ct) ® w{a) = A + B and A e Wp. On the other hand, by freeness 

((A + B, A + B)) = ((A, A)) + ((B, B)). 
Therefore, by positivity 

< ||((A + B, A + B))| 



lp/2 
2 

y^ x{a) g) 

aeA 



By continuity, we find a contractive projection Lp(^ g)g yl, E) Wp for any given 
index 2 < p < oo. Obviously, the argument above also works for Lp(^(gg^, E). □ 

Lemma 3.3. //2 < p < oo, the space 

n 

aeA k=l 

is complemented in Lp{A gig A, E). Similarly, the space 

n 

^p,d = { ^^Xk{a) <»Wk{a) e Wp I Wkia) £ P^(p,d), /:fc(wfe(a)) = o| 

aeA k=l 

is complemented in Lp{A(^B^i E). In both cases, the projection constant is < cd^ . 

Proof. Both complementation results can be proved using the same arguments. 
Thus, we only prove the second assertion. According to Lemma f3. 21 it suffices to 
check that ^ is complemented (with projection constant < cd^) in Hp equipped 
with the norm inherited from 

L'p{A(E)bA, E). 

To that aim, we consider the intermediate space 



aeAk=l 
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yVp,d is complemented in Hp with constant Ad. Indeed, using one more time 
the projection n^(p, d) onto the d-homogeneous polynomials, we write Wkd{ct) for 
n^(p, d){wk{a)) and obtain from Lemma l3. II and the discussion preceding it 



E 

k.a. 



bA,E) 



Xk{a) (g> Wkd{a) 

Uj{xk{a))wkd{a) 



OO 



k.a 



k,, 



< 



I i ® (p, d) 1 1 gjc-^ 1 1 X! "^J i ® E (^'^ 

j=l k,a 



On the other hand, combining Remarks II .11 and 12.21 we deduce that n^(p, d) is a 
completely bounded map on Lp{A) with cb-norm less than or equal to 4d. There- 
fore, we deduce our claim 



k,a 



Xk{a) (g) Wkd{a] 



< Ad\ 



k,a 



L'={A(g)BA.E) 



It remains to see that ^ is complemented (with projection constant less than or 
equal to cd) in Wp,d with the norm inherited from L'^{A ®b E). In other words, 
we are interested in proving the following inequality 



E 

k.a. 



Xk{a)®{idA-Ck){wkdia)) 



LliA^csA.E] 



< cd\\'^Xk{a)^ Wkd (a) 



k,a 



Ll^iA(g)BA,E) 



However, this follows from Lemma [2 .51 Remark 12.61 and triangle inequality. □ 

Remark 3.4. In our definition of the spaces Lp{A (E)b A, E) and L'p{A (E)b E) 
as well as in Lemmas 13.21 and 13.31 we have used tensors x w with x G A and 
w G Lp{A). Note that, according to the definition of the inner product (( , )), it is 
relevant to distinguish between the first and second components of these tensors. 
However, in some forthcoming results (see e.g. the proof of Lemma [3.51 below) we 
shall need to work with tensors x (E>w where x £ Lp{A) and w G A. Thus, we have 
to understand which element of L^^A^b E) or Lp{A^B E) do we mean when 
writing x <^ w. Let us consider a sequence (x„)„>i in A such that 



Xndj. 



X as n 



OO 



in Lp{A). Then we set 



X w — lim Xn g) dl w. 

n — *oo ^ 

To make sure our definition makes sense, we must see that the sequence on the 
right converges in the norms of L^{A ®b -4, E) and Lp[A ®b -A., E). Let us see this 
for the first space, the other follows in the same way. By completeness, it suffices 
to show that we have a Cauchy sequence. This easily follows since 



1 dlw 



Ll{A<»eA,E) 



W*d^E({Xn - Xm)*{Xn " Xm))d^W 



Lp/2{A) 
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ip/2(B) 



and the right hand side converges to as n, m — )■ oo. 

3.1. Preliminary estimates. This paragraph is devoted to some necessary esti- 
mates that win be used below. In the following we shall use the notation already 
defined in the Introduction 



J2 hia)E{a,ia)a,i(3r)b,iPY 



I ^ \ak{a))bk{a) 

In other words, 

II y^^bk{a)(ak{a) 

k,a 



|( J2 h{arE{a,{ara,{/3))bMy 



k,a 

^afc(a) (g)5fe(Q;) 



Lemma 3.5. Let 2 < p, q < oo be two indices related by 1/2 = l/p+ l/q. Let 
Xk{a) be a mean-zero element in Afc for each I < k < n and a running over a finite 
set A. Let Wk{a) € Px(d) for some d > and satisfying TZkiwkia)) = for all 
1 < k < n and every a € A. Then 



II y^^Wk{a)\-kXk{a)d^ 

k,a 

^Wfe(a)(l - Lk)xkia)d^ 



< 



B(L,(A),L2(A)) 



B{L,{A)X2{A)) 



\wk{a))xk{a)d^ 



- cd^l y^,'Wk{a){xkia)d^ 



k,a 



Proof. In what follows we use x'i^{a) = Xk{Qi)d]p^ . Given z G Lq{A), we have 

hk{a) = x'k{a)z G L2{A) 

and the vector Lkhk{a) is a linear combination of reduced words in L2{A) starting 
with a mean-zero letter in A^. Therefore, since TZkiwk{o:)) = 0, the operator Wk{a) 
acts on \-khk{a) by tensoring from the left. In particular, the {d+ l)-th letter in the 
words of Wk{a)Lkhk{a:) is always in and the inequality below follows by freeness, 
l)16|l and the fact that Lk commutes with B 

||(^Wfe(Q!)Lfca;fc(Q:)^(z) = tr^(fe,(a)*Uwi(a)*Wj-(/9)Lj-/j.j-(/3) 

k,a i.j,ot..f3 



= Y trA{hk{a)*LkE{wkiaywk{P))lkhk{l3) 

k,a,i3 

{a)*E(wk ia)*Wk (/?)) hk (/?) ] 

k,a,l3 

= tr^(z* Y x',iarE{w,iarw,ij3))x'^ij3) 
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< ||z||2|| ^ x',{arE{w,{arw,iP))x'^{P) 



p/2 



This proves the first inequality. 

Let us prove the second one. According to Lemma im we know that the spaces 
Lp{A^B E) form an interpolation scale for 2 < p < oo. Moreover, it follows from 
Lemma 13.31 that the spaces Z"^ ^ also form (up to a constant c(P) an interpolation 
scale for 2 < p < oo. Therefore, since (see Remark 13.411 

II ^ Wk{a){xk{a)d^ \ = || X! ® Wk{a) 

k,a ^ k,a 

it suffices to see (by complex interpolation) that the assertion holds when p ~ 2 and 
p = oo with some constant not depending on d. Let us use the same terminology 
for x'i^{a) as above. If p — 2, we have q = oo and the triangle inequality gives 



^Wfe(a)(l - U)4(a) 



< 



k.a. 

'^Wk{a)\-kx'f,{a) 



B{L^{A),L-2[A))' 



The first term equals 

Y^Wk(a)x'k{a) 



( X! ^"^^ ■Wi{a)x[{a)x'j{P)*Wj{P)* 



tr^[w,{a)E{x',(a)xr{(3r)w,{py 

= II ^Wfe(a)(4(a)| 
To estimate the second term, we use the first inequality proved in this lemma 



k.a 



BiL^iA).L2iA)) 



^ \\'^\^k{a))x'k{a) 



X! ^'■-4 {^2 (")* E {wi {a)*Wj {I3))x'j (/?)) 
^ trA(x'^{arw,[ayw0)x'^{l3) 
^ tTA(wj{P)x'j(fi)x[{a)*w,{a)* 

tvA(w,iP)E{x'jiP)x[{ar)w,ia) 
^Wfc(a)(4(a 



Therefore, we have proved that 
^Wfe(a)(l - U)4(a) 



B{L^{A)X2{A)) 



< 



2 ^u;fe(a)(4(a) 
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To prove the assertion for p = oo and q = 2, we first note that 
(1 - U.)xfc(a) = (1 - U)a;fc(a)Lfc. 

This implies 

II ^ 2 

V'wfc(a)(l - \-k)xk{a) 

B(L2(A)M(A)) 
2 



= I Wk{a){l - Lfc)xfc(a)U 

A:, a 

= II ^ Wk{a){l - \-k)xk{a)xk{l3y {I - \-k)wk{l3) 
= II - U)E(xfc(a)a:fc(/3)*)(l - U)wk{l3) 



k,a,l3 



k,a,f3 



Hence, we have seen that 

^ Wfc(a)(l - Lk)xk{a) 



BiL2{A),L2{A)) 



- Wfc(a)(a;fc(a)| 



k,a k,a 

This proves the assertion for p — oo. The general case follows by interpolation. □ 

3.2. Proof of Theorems B and C. Now we prove the second major result of this 
paper, a length-reduction formula for homogeneous polynomials on free random 
variables. As consequence, we extend the main results in [271 137j . 

Proof of Theorem B. The second reduction formula clearly follows from the first 
one by taking adjoints. Thus, it suffices to prove the first reduction formula. We 
begin by proving the upper estimate. If l/p+l/q = 1/2, we have 



y^^Wk{a)xkia) 



= II y^^Wk{a)xk{a) 
- y^^Wk{a)\-kXk{a] 



B(L,(A),L2(A)) 



B(L,(A)M(A)) 

+ w/c(a)(l - Lfc)xfc(a) 

11^ B(L,(A)M{A)) 

If we approximate Xk{a) by elements of the form 

i o 

Zk{a)d^ with Zk{a) G Afe, 
the upper estimate follows from the inequalities in Lemma 13.51 

\\'S2wk{a)xk{a) <\\'S2\wk{a))xk{a) + c(f\\'S2wk{a){xk{a) 

II ^ Lp(A) II ^ p II ^ 

k,a k,a k,a 

To prove the lower estimate we use the projection 

TAip.d):LpiA)^QAip,d) 
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which, according to Remark 12.21 is bounded by 2d+l. Then we observe 
x,iarE{w,{arw,{P))x,iP)^TA{p/2,2){a*a) 

for a — ^ Wk{a)xk{a) G Lp{A). In particular, we deduce 

II ^ \wk{a))xk{a) = ||rx(p/2, 2){a*a)\\^^^ - ^ || X! Wk{a)xkia) 



k.a 



k.a 



Thus, it remains to prove the estimate 



k.a 



lp/2 



p/2 



To that aim, we use again the projection r^(p/2, 2d) and Remark 12.21 
II ^ Wfc(a)(xfe(a 

A:, a 

= II ^ ti;j(Q!)E(a;j(Q!)a;j(/9)*)ti;j(/3)* 
= ||r^(p/2,2d)|^(^^Wfc(Q)a;fc(a)^ (y^^Wk{a)xk{a)) 

Therefore, the assertion follows from the estimate ||r^(p/2, 2(i) || < M+l. □ 

Our aim now is to iterate Theorem B to obtain a Khintchine type inequality, 
stated as Theorem C in the Introduction, which generalizes the main results of 
[51 127L 157] . Before that, we analyze in more detail the meaning of the brackets | ) 
and ( |. That is, according to the mapping u : A Coo{B), we can always write 

(18) \a)=u{a) and {a\=u{a*)*. 

This remark allows us to combine and iterate the brackets | ) and ( |. In particular, 
our expressions for the norms Ei and S2 in the statement of Theorem C (c./. the 
Introduction) are explained by (|17(l and H18|l . 

Lemma 3.6. Let 2 < p < 00 and let Xk{a), Zk{a) and Wkia) be homogeneous free 
polynomials of degree di , c?2 md ds respectively for alll < k < n and a running over 
a finite set A. Assume that^f, ^Xk{a)zk(a)wk{a) € Lp{A). Then, ifTZk{xk{a)) = 
Xk{a) and Ck{zk{a)) ~ for all {k,a), we have 



I \xk{a))zk{a)\wk{a) 



Cp(Cp(Lp(^))) 



\xk{a) Zk{a))wk{a) 



Similarly, we have: 

• if Ck{xk{a)) ^ Xk{a) and TZk{zk{a)) ^ , 



'Ywk{a)lzk{a)(xk{a)\\ = Wfc(a)(zfc(a) Xk{a)\ 



I. P : 

k,a k,a 

• ifTlk(xk{a)) = and Ck(zk(a)) = Zk{a), 



I \xk{a))zk{a)\wk{a) = ^ \xk{a) Zk{a))wk{a) 
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• if Ck{xk{a)) = and TZk{zk{a)) = Zk{a), 



^ Wk {a){zk (a) (a;fc (a) 1 1 = | X] i^){^k (a) Xk (a) 



Proof. By freeness we have 

^|xfe(a) Zk{a))wk{a) 



fc.a 



= IK ^ Wi{arE{zi{arXi{arxj{(3)z0))w0)) 
= Wi{arE{zi{arE{xi{arxjmzMhm) 



Thus, using the defining property of u : Coo{B), we obtain 

\\^\xk{a) Zk{a))wk{a) = \\^u(u{xk{a))zk{a)]wkia) 



X] I \xk{a))zk{a))wk{a) 



k.a 



The three remaining identities follow similarly. This completes the proof. 



□ 



In the proof of Theorem C below, we shall use a shorter notation to write sums 
like those appearing in the term S2 (see the statement of Theorem C in the Intro- 
duction) as follows. For a fixed value k of in {1,2,..., n} we shall write 



E 



as 



E 



l<Jl#---7^Js-l<" 
l<J,s + l#"-#id<" 
js-l^js=k^js + l 



[Ja=fe] 



Proof of Theorem C. The case of degree 1 follows automatically from Theorem 
A. Now we proceed by induction on d. Assume the assertion is true for degree d — 1 
with relevant constant Cp{d— 1). Then we apply Theorem B and obtain 



+ II E E I^Ji("))^i2(a)---a;jrf(a) 



= A + B. 



The resulting terms are homogeneous polynomials of degree 1 and d~ 1 respectively. 
The first one belongs to Rp{Lp{A)) while the second one lives in Cp{Lp{A)). We 
estimate the first term by applying Theorem A one more time on the amplified 
space Sp{Lp{A)) 

^ II E E {^hiaKxj2{a) ■ ■ ■ Xj^ia)\ 

+ II E E Vh{oi){xj^{a)---Xj^{a)\ 
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H XI ^k{a){xj,{a) ■ ■ ■ Xjja) 



p 



k=l aeAji^---^ja 
[Ji = fe] 

According to Lemma 13.61 and the fact that u : A C^o (B) is a right S- module 
map, we easily obtain 

(19) ^ ~c II XI {^nio^)^j2ia)- ■ ■XjAa)\ 

n 

k=l aeAjiii---^jd 

[ji=fc] 

On the other hand, the induction hypothesis gives B ~Cp(d-i) Bi + B2 with 



s=l a,ji^---^jd 

and B2 given by 

d n 

Y{Y\\Y Y ll^nio')) ■■■X3s-iia))xjAa){xj,+i{a)---XjAa)\ 

s=2 k=l aeAji^-'-^jd 

Moreover, the expressions above are simplified by means of Lemma 13.61 as follows 



^1 = Xl|| Y 



B, = 



a n 

Y{Y\\Y Y \^nio')---)'^jAa){---Xjdia)\ 



s=2 k=l a£Kjt^---^3d 
[3s=k] 



Then we note that the first and third terms in H19() are the ones which are missing 
in Bi and B2 respectively to obtain Si + S2, while the middle term in (|f 9|l already 
appears in Bi. Thus, we conclude that 

l|2;||p ^Cp(d) Si + S2 

where, after keeping track of the constants, we see that Cp{d) is controlled by 

Cp{d) < c(fCp{d-l). 

Therefore, the bound Cp{d) < c'^dl^ follows from the recurrence above. □ 

Remark 3.7. From a more functional analytic point of view, the right hand side of 
Theorem C can be regarded as the norm of x in an operator space which is the result 
of intersecting 2d+l operator spaces, see |H1 H7| EZ] for more explicit descriptions 
of these constructions. We do not state this result in detail since the notation 
becomes considerably more complicated. However, equipped with the description 
given in [2Z| and with Theorem C, it is not difficult to rephrase Theorem C as 
a complete isomorphism between P^(p, d) and certain p-direct sum of Haagerup 
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tensor products of (subspaces of) Lp-spaces. Moreover, arguing as in [2Z| we could 
extend Theorem C to 1 < p < 2 just replacing intersections by sums of operator 
spaces. The same observation is valid for Theorem A. 

Remark 3.8. The constant c'^dl^ is far from being optimal. Nevertheless, we can 
improve the constant in the lower estimate of Theorem C. To that aim we use the 
projection ryi(p/2,2s) : Lp/2{A) Q^(p/2,2s) so that T_a{p/2,2s){xx*) has the 
form 

Y (a) • • • Xi^ (a)E( • • • x,^ {a)xj^ iP)* ■ ■ ■ iP)* ■ ■ ■ Xj, [P)* . 

A similar expression holds for Tj,{p/2, 2(d — s)){x*x) 

Y a;,^ (a)* ■■■ Xi^^, (a)* E( • • • Xi, {a)*Xj, (/?) • • • )xj^^, {(3) ■ ■ ■ x^^ 

Therefore, since r_4(p/2,2(i) is bounded with constant 4(i+ 1, we find 

\\y] Y] a;ji(a)---a;j,(a)(a;j,_^i(a)---Xj^(a)| < Vir+T\\x\\p, 
1 1 p 

\\Y Y \^ni^)---^Jsi<^))xjs+iia)---'-^3A'^) < V^id-s) + 1 \\x\\p. 

M ^ — ' ^ — ' p 

In particular, since min(s, d ^ s) < d/2, we deduce 

\\Y Y 

Therefore, we have proved the estimate 



< V2d+l\\x\\ 



El < (d+ l)V2d+ 1 ||a;||p. 
Similarly, using r^(p/2, 2) as in the proof of Theorem B, we obtain 

n 

\\YY Y \^ni'^)---^js-i{a))xjsia){xj.+ii(^)---XjA(^)\ 

n 

< \/l0d+5||x||p. 
Hence, according to we deduce 



E2 < 12d^VT0dT5\\x\\p. 

Motivated by the results in we conjecture that the growth of the constant in 
the upper estimate of Theorem C should also be polynomial on d. However, at the 
time of this writing we cannot prove this. 

Remark 3.9. Theorem C also generalizes the main results in 01221 ■ Indeed, note 
that Theorem C uses 2d+l terms in contrast with the d+1 terms in |27]. However, 
in the particular case of free generators it is easily seen that the terms associated to 
El (exactly the d+1 terms appearing in ^]) dominate the terms in E2. We refer 
the reader to the proofs of Lemma l4.1l and Theorem F below for computations very 
similar to the ones we are omitting here. Given 2 < p < 00 and as a consequence 
of Theorem C and Remark 13.81 we can rephrase the Khintchine inequality in |22] 
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as the following equivalence for any operator valued d-homogeneous polynomial x 
on the free generators A(gi), X{g2), ■ • ■ , A(g„) 

cd-3/2j^i < \\x\\p < c'^dl^Y.i. 



4. Square functions 

Now we apply our length-reduction formula to study the behavior of the square 
function associated to free martingales. More precisely, according to the Khintchine 
and Rosenthal inequalities for free random variables, it is natural to ask whether or 
not the noncommutative Burkholder-Gundy inequality '34' holds in the free setting 
for p = cxD, see also il7, for the Burkholder-Gundy inequality over non semifinite 
von Neumann algebras and |28l Kffij for the weak type (1,1) inequality associated 
to it. In this section we find a counterexample to this question. The following is 
the key step. 

Lemma 4.1. Let Ak = Loo{—'2,,2) for k ~ 0,1,2,... equipped with the Wigner 
measure, and Zei = Aq * Ai * A2 • • • be the associated reduced free product equipped 
with the n.f tracial state cj). Consider a free family of semicircular elements Wk G 
A2fc_i and w'^. € l\2k for fc > 1. Given an integer n, fix a mean-zero element f in 
Aq such that 

ll/IUsCAo) ^ ^iVn and ||/||l^(Ao) = 1- 

Let Qij € 18(^2) o.'iT'd 

X2n = ^ aij (g) Wifw'j G B{£2) (81 A. 

l<i,j<n 



Then 



\\x2n\\B{i2)'»A 



aij ® Ci 

l<i,j<~n 



e(f2)(»mi„e(f2) 



Proof. By Remark 1 1.1 1 we have 

A^B{£2) = (Ao^Bih)) *B{i2) {^1®B{12)) *B(i2) (A2(^S(^2)) ■ ■ 

According to this isometry, we rewrite X2n follows 

X2n ■'^ij® ^ifw'j ® '^'^(-^ /)(1 w'j) = . . ^i^yZj. 

In particular. Theorem C gives the following equivalence for E = cf) <E) idgu^) 



F2n||e(^2)®-4 

||E(x2„a;2„)|| 

n 

+ II X! ^v{y^ 



\Hx*2nX2n)\ 

n 

+ II 1^'. 



= A+B+C+D+E+F+G 



y)- 



J2 \^v)y{zj\ 
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It is clear that 



A = ^^^aijali(l3(wJw'jw'if*Wk) 

ijkl 

Since 4>{w\) — 4>(w'f^) — 1, this gives 



The same argument gives rise to the identity 



A= II/II2I 



e(fe)«i„i„z3(£2) 



B 



1 II " 

I ^ ay ® e„- 1 



B(^2)«>mi„£3(f2) 



Let us estimate the term C 



II X! ® m(l>{fw'jw'if*)wk 

ijkl 

n n 

II /II 2 II XI ^iJ (^ay (g)U>i 
i=i i=l 

n n 

1=1 J=l 



Now, applying the Khintchine inequality for free random variables |1(J| 



n n 

C ~ ||/||2max II X (^^aij (g) ey j (Ki eii 



n n 



I 2^ 2^ fly (X" j (Ki Cii 



= ||/||2max'| II X ay(g)ei,y 
Again the same argument gives 



B(f2)(»mi„6(£2) 



i,3 = i 



B(f2)(»min6(^2) 



D - |l/|l2max I X 

The term E is calculated as follows 

E = 



B(^2)®mi„B(f2) 



S(£2)®mi„B(<?2) 



X M(xij2/)E(zjz;)u(xfeiy) 

71 n 



n n 
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n n 

asj 



= II /II 2 II Y a,j (g) e 
The same identity holds for F 



f5(<!2)«'mi„6(^2) 



1 II " 

77^ E « 



2j ^ 



B(<?2)0mi„e(£2) 



1 II " 

■7^ E 



B(£2)«>mi„i3(<'2) 



The calculation of G is very similar 
G = \\Yu{xij)yE{zjZi)y*u{xki) 



ijkl 
n n 



j=l t=l 



k=l 

n n 



Wkjy 



r,s— 1 



— 1 1 / 1 1 oo 1 1 ^ ^ j (g Ci j" 



B(fe)(»mi„H(£2) 



^ ^ ttzj g) Cij 



B(fe)®mi„B(£2) 



On the other hand, we observe that the maps on ^(£2) ^min ^{^2) ^min ^{^2) 

n n 

flij (g (g) eij ^ (g) en (g eij, 



fly <g en (g Cji, 

have norm y^. Indeed, this follows automatically from the well-known fact that 
the natural mappings i?„ — s- C„ and C„ ^ i?ri between n-dimensional row and 
column Hilbert spaces are completely bounded with cb-norm ^/n, see e.g. |7j or 
[32j| for the proof. Thus we deduce 



aij ® ei^ij 

n 

(g Cy^i 



B(^2)®„i„B(^2) 



B(<;2)®mi„B(«2) 



— E/ ^ 



B(£2)«>mi„H(£2) 



8(£2)«'mi„8(£2) 



The assertion follows easily from these inequalities and the estimates above. 



□ 



The idea to find our counterexample follows an argument from j34) . We consider 
a suitable martingale for which the Burkholder-Gundy inequality implies an upper 
estimate for the triangular projection on B^Pi^)- This gives the logarithmic growth 
stated in Theorem D. After the proof of our counterexample or Theorem D, we 
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shall study the reverse estimate for free martingales whose martingale differences 
are polynomials of a bounded degree. 

Proof of Theorem D. Let us define 

X2n = ^ QijWifw'j with aij e C. 

l<i,j<n 

Here Wi, f and are defined as in Lemma l4.ll Moreover, the enumeration given 
in the statement of Lemma [4.11 for the algebras Ao, Ai, A2, . . . provides a natural 
martingale structure for the X2n's, i.e. with respect to the natural filtration (Ak) 
defined by Ak = Aq * Ai * A2 * • • • * A^ . An easy inspection gives the following 
expressions valid for all fc > 

(20) dx2k = ^ aikwjw'k and dx2k-i = ^ akjWkJw'^ . 

l<i<k i<'j<k 

We are interested in the best constant /C„ for 



max • 



dxkdxl 



k=l 



Ali^dxldxi 



fc=i 



< /C„ ^ dxk 



fc=i 



According to Lemma [4. II we have 



2n 



y^^dxk 

k=l 



B{t2) 



On the other hand, we observe that 



dX2kdx*2k 



k=l 



= \\^^eik®dx2k = Q»fc eifc (8) Wj/Wfc 



k=l 



i<k 



( dx2k-idx2k-i )^ = efel (g) dx2k-i = akjCki ^ Wfe/w' 
I \ — / 00 II — 00 II — 

k>j 



k=l 



k=l 



Thus, we may apply Lemma l4. II one more time and obtain 



n 

^(^^dx2kdx*2^. 



k=l 



\['^dx2k-ldX2k~l 



I ^ aijCii (8) eij 

i>j 



" II ^ 

i<j 
n 

" II ^ 

jj = l 
i>j 



6(12) 



B{l2 



That is, /C„ is bounded from below by c times the norm of the triangular projection 
on y8(£2 )■ However, it is well-known that the norm of the triangular projection grows 
like logn, see e.g. Kwapieh/Pelczynski 21 . This completes the proof. □ 

After Theorem D, it remains open to see whether or not the reverse estimate 
in the Burkholder-Gundy inequalities holds for free martingales in LooiA). In the 
following result we give a partial solution to this problem. We will work with free 
martingales of the form Xn — Y^'k=i dxk with 



(21) 



dxk = ^ X! 4'i (")•■• «id (") and a^^ (a) € Aj, , 
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where 1 < Ji, J2, • ■ • lid < k. That is, we assume that all the martingale differences 
are d-homogeneous free polynomials. We shall refer to this kind of martingales 
as d-homogeneous free martingales. More generally, if a; is a free martingale with 
dxk being a (not necessarily homogeneous) free polynomial of degree d, we shall 
simply say that a; is a d-polynomial free martingale. We shall also use the following 
notation 



7L 



dx^dxk 



Soo{x, n) — max l^y dx^dx 

I fe=i fe=i 

Our main tools in the following result are again Theorems A and B 
Proposition 4.2. If x is a d-polynomial free martingale, 



^dxk < c'^d'^VdJ.S^{x,n). 



Proof. Let us consider the inequality 



(22) 



'^dxk < C{d) Soc{x,n) 



k=l 



valid for any d-homogeneous free martingale x with d > 0. To prove 122|l and 
estimate C{d) we proceed by induction on d. Namely, for d = we have dxi — E.{x) 
and dxk = for fc = 2, 3, . . . In particular, 

n 

y^^dxk 



k=l 



= |Ma;i||oo < Sooix, n). 
Therefore, holds for d = with C(0) = 1. If d = 1 we observe that 

n n 

'^dxk = y^^Ckjdxk). 

k=l k=l 

Thus, Proposition 1^21 gives 

n f n 1 ^ 

Y^dxfe <3max< Y]£fe(dxfe)£fc(dxfc)* ,\\y^^ Ckjdxk)* Ckjdxk) 

II OO II CXD II 

k=l K k=l k=l 

This, combined with the proof of Lemma 12.51 gives rise to 

n 

^^dxk < 9Soc{x,n). 



k=l 



In particular, (|22|1 holds for d = 1 with C(l) < 9. Now we assume that (|22|l holds 
for (d— l)-homogeneous free martingales with some constant C(d— 1). To prove 1)22(1 
for a d-homogeneous free martingale x, we decompose the martingale differences 
by means of the mappings Ck as follows 



"^dxk <\\'^Ck{dxk) + y^^jidA - Ck){dxk) 



k=l 

The estimate 



k=l 



k=l 



= A + B. 



(23) 



A < 95oo(x,n), 
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follows as the inequality C(l) < 9 above. On the other hand, we have 

fe-i 

{id A - Ck){dxk) = ^Y1 (") 

o 

with Xj{a) e Aj and 'Wj{a) £ P^id— 1) satisfying £j{'Wj{a)) = 0. Indeed, this 
follows from the fact that no word in {id_A — Ck)(dxk) starts with a mean-zero letter 
in Afe and that dxk € Ak- Thus, we may write B in the form 

Tl-l 

^=1 m ^Xj{a,k)wj{a,k) 

{a,k)eA j=l 

with A = A X {1,2, ... ,n} and 



Xj{a, k)wj{a, k) 



According to Theorem B we obtain 



ifj>fc, 
x'j{a)w^{a) if j < k. 



Xj (a, k)wj (a, k) 

(oi,k),j 



< 



+ 



Bi +B2. 



^ Xj{a,k){wj{a,k)\ 
\xj{a,k))wj{a,k) 

Note that the constant 1 in the inequality above holds since we are only considering 
the case {p, q) = (oo, 2) in the proof of Theorem B. Let us start by estimating the 
first term Bi. We claim that 

n n—1 

^1 = II 51 51 Yl ^)^i2 {0, k)*)xj^ k)* 

k=l a, peA 31,32 = 1 

To see this, it sufhces to show that 

£(wj^{a,ki)wj^{f3,k2)*) =0 

for k\ ^ k2- Indeed, let us assume without lost of generality that fci < k2- Then we 
know by construction that Wj^{a,k\) e Ak-^ and that Wj^{P,k2) contains a mean- 
zero letter in with k2 > ki. Thus, our claim follows easily by freeness. Hence, 
we may write the identity above as follows 

n k—1 

Bi = II eifc ® ^ ^x^^(a)(w;^^(a)| 

fe=l QGAj=l 

Arguing as in the proof of Theorem B, we obtain 

n k—1 

(24) Bi < V5 II ^ eife ® ^ ^ x']{a)w^{a) 

k=l aeA j=l 



V5 ^eifc ® {idA - Ck){dxk)\ 



k=l 



< 



a/5 ^eifc ig) dxk 
fe=i 



fe=i 
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where the last inequaUty follows from Lemma 12.51 one more time. 
To estimate B2 we observe that 

n k—1 

(25) EEEi4("))«^l(«) 

fc=l a£A j=l 

can be regarded as a sum of martingale differences on the von Neumann algebra 
A<^B{£2) with respect to the index k and the filtration yli (8)6(^2), ^2'8)S(^2), ■ • • 
Indeed, we have 

fc-1 fc-1 

aeAj = l Q!GAj = l 

Then, since (|25f) forms a, {d — 1) -homogeneous free martingale, we may apply the 
induction hypothesis and obtain in this way the following upper bound for B2 



C{d~ 1) max < || E ^i*^ ® E (") ^' || E ® E l^j (") 

I fc— 1 aj k—1 a,j 

Then, arguing as in the proof of Theorem B {2{2(d — 1)) + I = Ad — 3), we deduce 
B2 < \/4d-3C(d- 1) 

C n n ^ 

X max < eifc ® {id^ - Ck){dxk) J efci ^ {id a - Ck){dxk) 



fe=i 



fc=i 



The triangle inequality and Lemma |2 . 51 produce 

(26) B2 < 4V4d- 3C(d- l)5oo(x,n). 

Now (123 El [13 give 

C{d) < (9 + 4^5) + 4V4d- 3C(d - 1) < c\/rfC(d - 1). 
Iterating the recurrence and using Co = 1 we find C{d) < d^^/dl. Therefore, 



(27) 



E dxk < c'^'/dliSoo (a;, n) 



fc=i 



for d-homogeneous free martingales. 

Now let X be any d-polynomial free martingale x. We may decompose x into its 
homogeneous parts dxk — X^s "^^fc with < s < d. It is clear that dx\, dx2,dx^, . . . 
are the martingale differences of an s-homogeneous free martingale x". Therefore, 
applying (|?7jl we deduce 

n d n d 

llVdxfc <y^\y^dxl < |lE(x)||oo + Vc^y^5oo(a;^n). 
II ^ — ^ 00 ^ — ^ II ^ — ' 00 ^ — ^ 

fe=l s=0 fe=l s=l 

For the first term we have 

l|E(x)||oo = ||E(Ei(x))||oo < ||Ei(a;)||oo = ||da;i||oo < Soo{x,n). 
The rest of the terms are estimated by Theorem 12. II 



Yeik®dxl +\\Yeui®dx% 



fc=i 



fc=i 
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{ids(i^) ® n^(oo, s)) ( ^ eifc «) dxk 

n 

{idi}{i2) <X'n^(oo,s))(^^efei ig) dxk^ < 4s5oo(a:,n). 



Our estimates give rise to 

n d 

W^dxk < (l + 4^c"s%/^')5oo(2;,n) < cV\/d!5oo(a;,7i). 



fc=l s=l 

This is the desired estimate. The proof is complete. 



□ 



Remark 4.3. ProDOsition l4.2l extends to the case 2 < p < oo. Indeed, we just need 
to replace Proposition l2.8l bv Corollarv l2 . 1 41 and apply Theorem B in full generality. 
Of course, this would provide a worse constant. The relevance of Proposition l4.2l lies 
however in the fact that the resulting constants are uniformly bounded as p ^ oo, 
in contrast with the non-free setting 1841 . 

5. Generalized circular systems 

In this last section we illustrate our results by investigating Khintchine type 
inequalities for Shlyakhtenko's generalized circular systems and Hiai's generalized 
g-gaussians. Given an infinite dimensional and separable Hilbert space Ti. equipped 
with a distinguished unit vector or vacuum fi, we denote by !F{Ti) the associated 
Fock space 

n>l 

Given any vector e E H, we denote by £{e) the left creation operator on T{Ti) 
associated with e, which acts by tensoring from the left. The adjoint map l*{e) 
is called the annihilation operator on T{TL), see for more details. Let us fix 
an orthonormal basis {e±k)k>i in 'H and two sequences {\k)k>i and {fJ,k)k>i of 
positive numbers. Set 

gk = ^kUek) -t-/i/c^*(e_fc). 

The gk's are generalized circular random variables studied by Shlyakhtenko Let 
r denote the von Neumann generated by the generalized circular system {gk)k>i- L 
is equipped with the vacuum state (p given by 4'{x) = {VL, x^). According to |39j. (j) 
is faithful and the g^'s are free with respect to (p. In fact, if Tk is the von Neumann 
subalgebra of F generated by gfc, then (F, 0) = *fc>i(Ffc, ^r^)- Shlyakhtenko also 
calculated in the modular group and showed that crt{gk) — {^^^ l^-kY^^ gk- In 
particular, the gkS are analytic elements of F and eigenvectors of the modular 
automorphism group a. Let us write d^ for the density associated to the state (p 
on F. We shall also need the elements 



(28) 



gk,'. 



_i_ ^ 1 — 1 — 

dfgkdf = (AjrVfe)*^ 5feC?0 = (AfcA^fc^)^ c?,^ gk- 



The following is the Khintchine type inequality for 1-homogeneous polynomials 
on generalized circular random variables. Its proof can be found in |47j . where the 
third-named author used Theorem A to obtain constants independent of p. When 
Afc = ^fc for fc > 1, the gkS become a usual circular system in Voiculescu's sense 
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and the result below reduces to Theorem 8.6.5 in On the other hand, the case 
p — oo was already proved by Pisier and Shlyakhtenko in . 

Theorem 5.1. Let M be a von Neumann algebra and 1 < p < oo. Let us consider 
a finite sequence xi, X2, ■ ■ ■ , Xn in Lp{M). Then, the following equivalences hold up 
to an absolute constant c independent of n 

i) If^<P<'^, then 



^ 2:fe (g) gk,f 



k=l 



inf 

Xk=a.k+bk 



k=l 



fe=l 



ii) If "i. < p < oo, then 



'^Xk<Si gk.p 

k=l 




Kl^k ^kxl 



fc=l 



Moreover, let us write Qp for the closed subspace of Lp{T) generated by the system 
of generalized circular variables {gk,p)k>i- Then, there exists a completely bounded 
projection "fp : Lp(T) — > Qp satisfying 

IhpWcb < 2i'~ti. 

Remark 5.2. It is worthy of mention that Theorem 15.11 improves Theorem C in 
the case of generalized circular systems. Indeed, we have only used two terms while 
Theorem C needs three terms in the general case of 1-homogeneous polynomials. 
This phenomenon will also occur in the case of degree 2, see below. 

As application, we collect some interpolation identities that arise from Theorem 
15.11 Indeed, we consider the spaces J7p and ICp, respectively defined as the closure 
of finite sequences in Lp(Af) with respect to the following norms 



\\{xk)\\ic^ = inf 

Xk=ak+bk 



~ k=l 







y 


+ 




p II 



. " 2 2 

[T.^I4Kbk 



k=l 



\\{zk)\\j^ = max 
Given I < p < oo, we define the spaces 

Lp{M; RCp{X, fi)) 



^k l^k^Zk 



JCp for 1 < p < 2, 
Jp for 2 < p < oo. 



and the maps 

Up : [xk] e Lp{j\f; RCp{X, fi)) t-^ Xk <E) gk,p e Lp{Afig)r). 

Corollary 5.3. // 1 < _po,Pi < oo, < 6* < 1 and 1/p = (1 - 9)/po + 9/pi, then 

[Lp, (AA; RCp„ (A, , Lp, (AA; RCp, (A, , ~ Lp{Af; RCp{X, . 
Moreover, the relevant constants are majorized by a universal constant. 
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Proof. Let us recall Kosaki's theorem fK)\ 

More precisely, if the von Neumann algebra M is equipped with the n.f. state "0 and 
denotes the density associated to ip iS> 4>, we use in the interpolation isometry 
above the symmetric inclusions 



Then we recall from Theorem 15 . 1 1 that the maps Up defined above are isomorphic 
embeddings. Using in addition the projection 7p introduced in Theorem 15.11 we 
deduce the assertion. The proof is complete. □ 

Corollary 15 . 31 provides interesting applications in the theory of operator spaces. 
Given two sequences (ik)k>i and {pk)k>i of positive numbers we introduce the 
operator space Rp{i) n Cp{p) as the span of the sequence fk = ■CfcCifc + Pk^ki in the 
Schatten class Sp. Note that 

V", Xk ® /fc 



^ max ■ 

By duality we understand the sum Rp{S,) + Cp{p) as a quotient space. Indeed, we 
consider the subspace Rp Gp of Sp as the span of {eik]eki)k>i in Sp. Then we 
have 

^p(o + Cp(p) = i?p©Cp/A(e,p), 

where A is the weighted diagonal A(^,p) = spanj^fcCife — pk^ki \ k > l}. Let tt be 
the natural quotient map and let us consider the sequence fk = Tri^kSik) — T^ipk&ki) 
in Rp{C) + Cp{p). Then we find 



/ Xk® fk\\ 



If.. II ( '\ + II ( E, pl^ih) 



1/2 



P 



Corollary 5.4. Let {Xk)k>i o,nd {p.k)k>i be two sequences in and 1 < p < oo. 
Then, the following ch- isomorphisms hold according to the value of 9 — \/p 



[i?(A)nC(M),i?(A) + C(M)], ^cb 



i?p(AV'"') + Cp(Ai-V'), ifl<P<2, 
i?p(AV^"'')nCp(Ai-V'*), if2<p<oo. 
The relevant constants are majorized by an absolute constant. 

Proof. This is a reformulation of Corollarv l5.3l in operator space terms. □ 

We now discuss the analogue of Theorem 15. II for (/-gaussians. We refer to [J for 
the basic definitions on g-deformation and to Hiai's paper jllj for the quasi-free 
g-deformation. Given an infinite dimensional separable Hilbert space TL equipped 
with an orthonormal basis {e±k)k>i and given —1 < g < 1, we denote by J-q{TC) 
the associated g-Fock space 



n>l 
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equipped with the g-scalar product induced by 



' fn, 91 



® 3m), 



where 5„ denotes the symmetric group of permutations of n elements and i(7r) 
stands for the number of inversions of tt. Given a vector e € 7i, we write iq{e) for 
the left creation operator and £*{e) for the left annihilation, see for the precise 
definitions. As in the free case we define 

gqk = \dq{ek) + Aife^g(e-fc) 

after having fixed two sequences {\k)k>i and {nk)k>i of positive numbers. The gqk's 
are q-generalized circular variables. The von Neumann algebra generated by these 
variables in the GNS-construction with respect to the vacuum state (t>q{-) = (il, • f2)g 
will be denoted hy Tq. A discussion of the modular group of (j)q and important 
properties of these von Neumann algebras can be found in Hiai's paper. Indeed, 
we still have 

o-t(m-) (Afc ^ifc)^".g(7fe. 
Therefore, gqt is an analytic element and we find as above 



(29) 



j_ j_ 1 i 1 i 

.99fe,p = d'/^ gqk df^ = (Afe Vfe)^ gqk d^^ = (Afc/i^ d^^ gqk. 



Proof of Theorem E. Let us first see that the map 
(30) Up : (xk) eJCp^ Xk gqk,p e Lp{Af(§Tq) 

^ — ^ k 

is a contraction for 1 < p < 2. According to JTj, we have 

ll^llp < min|||E(a::a;*)5||^, ||E(x*2:)^||p| for l<p<2. 
Taking x — Xk ® gqk,pi the Lp-norm of x is bounded above by 

^ E{x,x* ig) gq,^pgq*p 

where E — idj^ ® (f)g in our case. Therefore, recahing from (|29l) that 

1 A- 1 1 1 

gqt,P gqlp = d^^ gq, d^^ gq* dl'^ = {X,fir^XjfiJ^)p dl^ gq, gq* d^ 



' \\(y2- . E(<a;i «) gqlpgqj.p] 



gqlp gqo.P = df^ gq* d^^ gq, df^ = (A^ V»Aj Vj) " dl^ gq* gq, d^^ , 
and using the identities 4)q{gqi gq*j) = Sij^f and (f)q{gq* gqj) — SijXf, we deduce 

2 2_ 

E{xiX* (g> gqi^p gq*p) = SijX^ x^x* , 

E {x* Xj (g) gq*p gqj^p) = Xf fi^ x* x^ . 
Therefore, the triangle inequality yields 



^ Xfe (g) gqk,p 
fe=i 



III " 2 ^ \i II/" 2 

<minU\[j2xlfitxkX*ky\\ 

I ^ fc=i 



_2_ 2 

fijlXkXk 



This proves the contractivity of H30() for 1 < p < 2. Now we show that 
(31) Up : {xk) e Jp^ ^ Xk ® gqk,p e Lp{J\f^Tq) 
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is bounded for 2 < p < oo with a constant Cq depending only on q. li p = 2, the 
result follows by the orthogonality of the gqk,2^s in L2(rq). Therefore, according 
to Corollary 15. 31 it suffices to estimate the norm of Uoc ■ Joo — > M®Vq and apply 
complex interpolation. By the definition of gqu we have 

® gqk = >^kXk fXl iqiek) + f^kXk fXi i*q{e^k)- 

By Cauchy- Schwartz, 



^k 



XkXk <S) (qiek) < Wiy^,, ^l^k^kj^W Wiy^,, iq{ek)iq{eky 



1 



^k ' 



where the last inequality follows from 2 . Similarly, we have 

2 * 
l^kXkXk 



^lkXk ® tq{e^k) < . IKXlt "^^ 



Thus we obtain ||woo|| !i 2/-\/l — \q\ and 



/ 2 \i^f 

^Up : Jp ~* Lp{U®Tq)\\< [—j^^=] " for 2<p<oo. 

The crucial observation here is that 
(32) {upiixk)),up,iizk))) 

= . . trj^ixiZj) trr, {gqlpgqj.p') 

= ■ tW«^,) (ArV.)'/^ (A;^^,)'/^' trr,(499*5%-<) 

= ^. . tr^«z,) {^-'hY'"' Mm:9qj) 

= >^k^^ktr^f{xlyk) = {{xk),{zk)). 

This relation and the boundedness of the maps H3UI) and H31|l immediately imply 
the inequalities stated in i) and ii). 

On the other hand, according to (|32|l we know that u*,Up is the identity map 
and we may construct the following projection for every index 1 < p < oo 

UpUp, = idL^i^j^) (g) -fqp : Lp{N®Tq) Lp{N\ Gqp)- 

By elementary properties from j31| of vector-valued noncommutative Lp spaces, it 
suffices to prove that the maps above are bounded with the following constants for 
l<P<2<p'<oo 

max|||7gp||cb, lligp'llcbj = max|||upM*,||, < f— =J==V . 

Recalling that the second estimate follows from the first by taking adjoints and 
that the estimate for p = 2 is trivial, it suffices to prove the estimate for miu^ and 
apply complex interpolation. However, according to our previous estimates we find 
< 2/-\/l — \q\, as desired. This completes the proof. □ 

After this intermezzo on g-gaussians, we conclude by illustrating our inequalities 
for 2-homogeneous polynomials on generalized circular variables. Again, our result 
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in this particular case improves Theorem C since we obtain only three terms out of 
the five given there. 

Sketch of the proof of Theorem F. Following the arguments in Theorem E, 
it suffices to prove the assertion for 2 < p < oo since the case I < p < 2 and the 
complementation result follow from the same duality arguments. In order to prove 
the assertion for 2 < p < cxd, we first consider a finite index set A to factorize 

According to Theorem B we have for 2 < p < c» 



i¥=3 



Let us denote the terms on the right by A and B respectively. To simplify the 
expressions for A and B we need to calculate E{a*jaki) and E{f3j(3i). According to 
we easily find 

Using these relations and recalling the factorization above of Xij , we obtain 



A = I 

B = I 
Equivalently, we have 



2_ 

Y., ^1^'J E,,^,, ® 9n^p9Lp 



ak <Xi gk,p 



B = 



= bk ® gk,p 



where ak and bk are respectively given by 

^ 1^ 1 _ 1 1^ 



According to Theorem 15 . II we obtain 
A - 



k=l 



B 



Y^^ly^Ibkbl 

fe=i 









+ 




p II 








+ 




p II 



k=l 



k=l 



Ai + As, 



= Bi+B2. 



Finally, using the terminology introduced in the statement of Theorem F, we have 

Bl=7^p(a;), Ai = = B2, k2^Cp{x). 

Details of the identities above are left to the reader. This completes the proof. □ 
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Remark 5.5. Although it is out of the scope of this paper, the methods used in the 
proof of Theorem F are also valid for any degree d > 1. In this way, the Lp norm 
of an operator-valued d-homogeneous polynomial on generalized circular random 
variables behaves as the asymmetric version of the main result in |27| . Thus, we 
obtain d + 1 terms instead of the 2d + 1 provided by Theorem C. 
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